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The behaviour of the propagation functions of quantized field theories at small distances is investi-
gated in connection with the problem of consistency of the perturbation theoretical renormalization 
scheme. An attempt is made to adapt the conventional HAMii/roNian and 5-matrix formalism to the 
renormalization concept in such a way that a finite theory of interacting physical (dressed) particles 
results which as a whole and at each step of approximation satisfies the axioms of the general struc-
ture theory of quantized fields, notably causality and positive definiteness. If the physical particles 
of a field theory with point interaction are extended objects owing to the extension of the cloud of 
virtual quanta in the physical states, then the theory admits of a finite formulation with the extent 
of the cloud introducing a natural, coupling-dependent built-in cutoff. The limiting case of a point-
like cloud corresponds to physical particles which because of their strong self-interaction do not inter-
act with one another. This case, corresponding to the zero coupling limit, represents the most singular 
one given by the theory. An increase of interaction or coupling implies an increase of the size of the 
cloud and a corresponding charge spread. Conversely, there cannot be interaction if there is no 
extended cloud and charge spread. Cloud and charge structure come in via causal form factors related 
to vertex parts and electromagnetic form factors, which however a perturbation theoretical scheme 
cannot take into account. 

1. Introduction and Discussion 

1.1. Phenomenological Considerations 

If the physical particles of a quantum field theory 
with point interaction are extended objects owing to 
the extension of the cloud of virtual quanta in the 
physical states, then the theory should be finite if 
it is formulated in such a way that the size of the 
cloud introduces a natural built-in cutoff. The theory 
then also should be convergent in an approximative 
description which at each step accounts explicitly and 
in a mathematically consistent way for the extended 
cloud structure of the particles. The conventional 
perturbation approach to quantized field theories 
does not have this property: Since the perturbation 
approximations to the vertex function do not vanish 
sufficiently rapidly for large momenta, the domi-
nating contribution of virtual quanta with arbitrari-
ly high momenta causes the cloud of the physical 
particles to be point-like (see sections 3 and 4). This 
manifests itself in a divergent1 wave function nor-
malization factor Z~1 and implies a mapping of the 
approximate theory into a free one by renormaliza-
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1 The wave function renormalization Z~1 could diverge also 

tion if one insists that the theory have the correct 
axiomatic structure. The reduction of the interaction 
to zero sometimes is reinterpreted in terms of ghost 
states by reintroducing interaction at the expense 
of destroying the axiomatic structure of the theory. 

At first sight, the observable corrections to the 
C O U L O M B potential due to vacuum polarization in 
quantum electrodynamics would seem to contradict 
the statement that perturbation approximations only 
contribute a point-like cloud to the physical particles 
since those corrections result already from the for-
mally renormalized, non-iterated electron-positron 
bubble. However, within the frame of an axiomatic 
local theory the bubble approximation of the photon 
propagator (and any finite-order iteration of it) 
cannot be renormalized in a consistent and not only 
formal way unless both the renormalized and the 
unrenormaziled coupling constants, g and g0 re-
spectively, vanish identically. For a nonzero g, a 
consistent renormalization within the considered 
order of approximation requires the introduction 
of a high-energy cutoff 1/2 such that the correspond-
ing approximate Z-factor [Z ~ 1 + g 2 log(m X) ] 

in case of a decreasing vertex function if the unrenorma-
lized coupling would turn out to be infinite. This would 
not necessarily imply a free theory. In what follows, if we 
refer to a divergent 1 we suppose this divergency to be 
due to an insufficiently rapidly decreasing vertex part or, 
more generally, absorptive part of the (renormalized) pro-
per self-energy. 
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comes arbitrarily close to one. This presupposes of 
course that the exact local theory be mathematically 
well-defined for g 2 > 0 (for the contrary case cf. the 
later discussion) and that the cutoff does not make 
itself felt for momenta much smaller than 1 /7 . 
Hence, within the frame of a consistent renormaliza-
tion formalism the observable corrections derived 
from the bubble approximation appear as being due 
to the fact that the cutoff reveals the cloud structure 
of the physical particle for distances much larger 
than X. However, the main contributions to the re-
normalization effects — in particular, the magnitude 
of the normalization factor Z which connects g and 
g0 by g2 = Z(g2) g2 — are determined by the cloud's 
structure in the region 0 < r I which owing to 
the cutoff can never be attained. Any finite order 
iteration of the bubble approximation obviously 
gives rise to the same situation. It is however only 
the sum of all the iterations of proper diagrams that 
can be renormalized consistently without the neces-
sity of Z being kept close to one. In the local limit, 

"k —> 0, renormalization of the totally iterated bubble 
approximation implies again the vanishing of the 
renormalized coupling, g = 0, if the theory is to be 
axiomatic, but this time for any real (finite) un-
renormalized coupling g0 in contrast with the finite-
order iteration where both g and g0 must vanish 
simultaneously. This situation persists also for 
higher approximations. 

Consequently, the conventional perturbation ap-
proach explicitly admits of the possibility that 
g o ~ > g o ' = go (0 ) =£0 ( ^ d finite) for If this 
is so, then the local interaction HAMiLTONian H = 
g0(g)H does not vanish as (at least to the 
extent that all proper totally iterated diagrams up 
to any finite order are considered). This implies that 
in the limit g—>0 the HAMiLTONian H' gives rise to 
physical particles which in virtue of their strong self-
interaction do not interact with one another and 
thus are characterized by vanishing renormalized 
charge, g = 0 and Z = 0 , and by free propagators. 
This rather singular type of a free particle may be 
visualized as consisting of a point-like core the 
charge g 0 ' =f= 0 of which is completely compensated, 
so as to yield g = 0 , by that of the surrounding but 
(in the limit g—^-0) still point-like cloud due to 
vacuum polarization (i. e., by the charge g — go(g) 
—*— g 0 ) . If the physical particles of the exact local 
theory possess an extended cloud structure, then the 
size of the cloud of a particle must depend on the 

coupling and shrink to a point as 0 if the exact 
theory is supposed to reveal the above perturbation 
theoretical result in the limit of vanishing coupling 
where only the self-interaction remains [go(0) H 0]. 
This implies that the exact theory is singular at zero 
coupling, though finite for g 2 > 0 , since owing to 
the assumed persistence of g0 0 for g2 —> + 0 , the 
exact Z-factor behaves as Z - 1 = c /g 2 + o (g2) as 
g2—> + 0 with c = g 0 2 ( 0 ) =£0. Hence, in accordance 
with the evidence provided by perturbation theory, 
no coupling-constant expansion of Z - 1 is possible 
although a perturbation approach may supply an 
asymptotic representation for the exact propagator. 
However, as we shall see, an asymptotic expansion 
can be obtained only at the expense of destroying 
the cloud structure of the particles and even then 
only if the original perturbation formalism exhibits 
logarithmic divergences. Nevertheless, from this 
point of view the physical usefulness of the formally 
renormalized non-iterated bubble approximation 
could be understood. Evidently, if the weak-cou-
pling limit g—0 with the corresponding point 
cloud represents the most singular case in the 
theory, then the increase of g2 will introduce inter-
action via convergence-producing form factors (re-
lated to the vertex function and representing the 
extended cloud (or charge) spread of the particles) 
which however a perturbation theoretical expansion 
cannot take into account. 

1.2. Outline of the Program 

I n the present paper, an attempt is made to adapt 
the conventional HAMiLTONian and S-matrix formal-
ism to the renormalization concept in such a way 
that a finite theory of interacting physical ( = dres-
sed) particles results which as a whole and at each 
step of approximation satisfies the axioms of the 
general structure theory of quantized fields. T h e 
postulates of the axiomatic theory 2 , notably cau-
sality and positive definiteness condition, imply that 
the propagators of the particles given by the theory 
have the correct analytic structure in the cut energy-
plane. T h e existence of the axiomatic (and, there-
fore, renormalized) theory implies the existence of 
the unrenormalized one unless Z = 0. T h e three 
concepts, "extended cloud (or charge) structure of 
the physical particles", "correct analytic structure" 

2 A. S. WIGHTMAN, in „Les Problemes Mathematiques de la 
Theorie quantique des Champs", C.N.R.S., Paris 1960, 
p . l . 



and "mathematically consistent renormalizability" 
of the propagators for non-vanishing interaction are 
essentially equivalent. By starting from a perturba-
tion approach — actually the only one which has pro-
ved feasible for obtaining explicit results — we first 
account preliminarily for the future cloud structure 
the particles will get by the interaction by intro-
ducing an arbitrary cutoff ( / ) into the original local 
interaction HAMiLTONian (which, however, will be 
needed only as a generator of selection rules). The 
approximated unrenormalized propagator which in 
virtue of the cutoff has the correct analytic structure 
is then adapted to the axiomatic renormalization 
concept for arbitrarily large coupling (section 2 ) . 
To each approximation there corresponds a modified 
HAMiLTONian that coincides with the initial one (with 
cutoff) for small coupling but contains an additional 
however well-determined form factor for large cou-
pling. This reflects itself in a splitting of the func-
tion go2(&2) i n t o t w o branches (see Fig. l a ) . In the 
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Fig. 1 a. The function g02(g2) in the axiomatized cutoff theory 
[/. > 0, gc2 ( / ) - + 0 for / 0]. 
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Fig. 1 b. The function g02(£2) in the axiomatized theory with-
out cutoff (limiting case of Fig. 1 a for k —> 0, where 
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l i m i t o f v a n i s h i n g c u t o f f ( I — > 0 ) t h e f i r s t b r a n c h 

s h r i n k s t o t h e p o i n t g = 0 w h i l e t h e s e c o n d o n e e x -

t e n d s t o t h e w h o l e r e g i o n g 2 > 0 ( s e e Fig. 1 b ) . Cor-
r e s p o n d i n g l y , t h e o r i g i n a l l o c a l i n t e r a c t i o n HAMiL-

TONian H' = g0H d e f i n e s t h e a p p r o x i m a t e d t h e o r y 

o n l y f o r g = 0 w h i l e f o r g2 > 0 t h e t h e o r y i s d e s c r i b -

e d i n t e r m s o f a m o d i f i e d , a p p a r e n t l y n o n l o c a l 

HAMiLTONian H'[F] w h i c h d i f f e r s f r o m t h e l o c a l 

o n e , H' = H'[d], b y a u n i q u e l y d e t e r m i n e d spec ia l 

form factor F = F(x,g2) which in principle can be 
calculated explicitly. F(x,g2) depends explicitly on 
the coupling, has an essential singularity at g = 0 
and F—>d(x) asymptotically for g2 —> + 0 . To 
each approximation — various possibilities exist for 
proceeding to higher approximations — there cor-
responds a new form factor, F = Fn , the sequence 
of Fn tending to <5 (z) as with increasing n the ap-
proximations to the exact proper self-energy become 
better so that in the limit n — o o the sequence of 
nonlocal HAMiLTONians / / „ ' = / / ' [ F „ ] tends to the 
local interaction H' = H'[d]. Since F—for g2—> 
+ 0 , already the first approximation (axiomatized 
iterated bubble approximation) may be expected to 
give at least a qualitative information about the 
small distance structure of the exact theory for suf-
ficiently small coupling. 

1.3. Discussion of the Results 

T h e a x i o m a t i z a t i o n o f t h e HAMiLTONian f o r m a l i s m 

f u r n i s h e s t h e a b s o r p t i v e p a r t o f t h e a p p r o x i m a t e 

p r o p e r s e l f - e n e r g y s u p p l i e d b y t h e a s y m p t o t i c p a r t 

H' o f H'n w i t h a u n i q u e l y d e t e r m i n e d c a l c u l a b l e 

h i g h - e n e r g y c u t o f f Fn — Fn(p, g2). I n v i r t u e o f t h e s e 

Fn t h e a p p r o x i m a t i o n s t o t h e e x a c t s p e c t r a l f u n c t i o n 

o f t h e p r o p a g a t o r d e c r e a s e s u f f i c i e n t l y r a p i d l y f o r 

l a r g e m o m e n t a t o y i e l d a finite w a v e f u n c t i o n n o r -

m a l i z a t i o n Z - 1 f o r g 2 > 0 . I n t h e a x i o m a t i c t h e o r y 

t h e p r i m a r y q u a n t i t y i s i n d e e d t h e s p e c t r a l f u n c t i o n 

o f t h e p r o p a g a t o r a n d n o t t h e a b s o r p t i v e p a r t o f t h e 

p r o p e r s e l f - e n e r g y a l t h o u g h i n t h e HAMiLTONian a n d 

5 - m a t r i x f o r m a l i s m it i s j u s t t h e o t h e r w a y a r o u n d . 

Both q u a n t i t i e s b e c o m e n o w f u n c t i o n a l s o f Fn. 
While t h e a x i o m a t i z a t i o n f o r m a l i s m g i v e s first o f 

a l l t h o s e Fn, t h e f o r m f a c t o r s Fn i n t h e a p p r o x i m a t e 

HAMiLTONians H'[Fn] a r e f u n c t i o n a l s o f the Fn a n d 
m u s t b e c o n s i d e r e d a s b e i n g d e d u c e d q u a n t i t i e s 

w h i c h m a i n l y s e r v e f o r p u r p o s e s o f v i s u a l i z a t i o n . 

W e d o i n f a c t n o t k n o w w h e t h e r a c o n s i s t e n t s u p e r -

p o s i t i o n i n H'[F] o f f o r m f a c t o r c o n t r i b u t i o n s t h a t 

o r i g i n a t e f r o m d i f f e r e n t t y p e s o f a x i o m a t i z e d p r o -

p a g a t o r s ( b o s o n a n d f e r m i o n ) a c t u a l l y i s p o s s i b l e . 

A d e c i s i o n o f t h i s q u e s t i o n i s d i f f i c u l t s i n c e t h e 

a x i o m a t i c a p p r o x i m a t i o n s n e c e s s a r i l y a r e n o n - a d d i -

t i v e i n c o n t r a s t w i t h t h e n o n - a x i o m a t i c p e r t u r b a t i o n 

a p p r o x i m a t i o n s i n w h i c h h o w e v e r t h e f o r m f a c t o r s 

d o n o t a p p e a r at a l l . T h e s e q u e n c e o f finite a x i o -

m a t i c t h e o r i e s , w h i c h e v e n t u a l l y c o n v e r g e s t o t h e 

e x a c t l o c a l t h e o r y , h a s j u s t t h e s i n g u l a r s t r u c t u r e 

at z e r o c o u p l i n g t h a t w e h a v e g u e s s e d a b o v e ( s e c -



tion 3). Both Fn and Fn have an essential singularity 
at zero coupling with Fn—>d, FN—>- 1 asymptotically 
for g2 —-f 0 and their expansions in powers of g2 

reduce to <5 (a;) and 1 respectively. Hence, the form 
factors do not give rise to any F E Y N M A N diagram in 
a coupling-constant expansion of the S-matrix per-
taining to H'[Fn] which includes all proper totally 
iterated graphs up to any finite order, nor are the 
form factors reproducable by a perturbation theo-
retical approach. The formally renormalized non-
axiomatic (approximate) propagators obtained from 
a perturbation theoretical treatment of the local 
theory, therefore, turn out to be asymptotic repre-
sentations (for g 2 + 0 ) of the axiomatic propa-
gators supplied by the new approximation scheme. 
The propagator given by the first step of the scheme 
coincides with the one obtained recently by RED-
M O N D 3 and B O G O L I U B O V et al. 4 in a formal way from 
a selected infinite set of graphs by summing the 
associated spectral functions. Our higher approxi-
mations, however, give rise to different possibilities. 
The introduction (into the H A M i L T O N i a n ) of form 
factors which do not contribute to formal series ex-
pansions in powers of g2 and the requirement of 
asymptotic coincidence of perturbation theoretical 
and axiomatized propagators can indeed be taken 
as a starting point for putting B O G O L I U B O V ' S purely 
formal method on a mathematically rigorous and 
physically meaningful basis 5 . R E D M O N D ' S techniques 
evidently rests upon the assumption that the exact 
local theory exist. This assumption needs not to be 
made in the theory proposed in this paper: Our 
formalisms still works even if the local theory does 
not exist, in which case the formalism automatically 
amounts to a modification of the theory according 
to the underlying principle of physical particles 
which possess an extended cloud structure and a 
probabilistic charge spread in consequence of the 
interaction. This new theory will then have the 
formally renormalized but axiomatically inconsis-
tent local theory as an asymptotic representation 
(for arbitrarily weak coupling) in case the latter 
exhibits logarithmic divergences. This applies in 

3 P. J. R E D M O N D , Phys. Rev. 1 1 2 , 1 4 0 4 [ 1 9 5 8 ] and pre-
prints. — P. J. R E D M O N D and J. L. U R E T S K Y , Nucl. Phys. 
1 2 , 4 8 5 [ 1 9 5 9 ] . It is one of the purposes of this paper to 
give a physical interpretation to R E D M O N D ' S work. The 
authors are grateful to Dr. R E D M O N D for communications 
in advance of publication. 

4 N . N . BOGOLIUBOV, A . A . LOGUNOV, a n d D . V . SHIRKOV, p r e -
print, Dubna 1959. 

p a r t i c u l a r t o t h e L E E m o d e l 6 w h e r e t h e l o c a l i n t e r -

a c t i o n d e f i n e s a n a x i o m a t i c t h e o r y o n l y f o r g = 0 . 

E v i d e n t l y , e v e n i f a n e x a c t l o c a l t h e o r y w o u l d t u r n 

o u t t o d e f i n e a c o n s i s t e n t s c h e m e b u t w o u l d l o s e i t s 

p h y s i c a l m e a n i n g a t s m a l l d i s t a n c e s , t h e s u g g e s t e d 

a p p r o x i m a t i o n s c h e m e m i g h t p r o v e u s e f u l i n a m o -

d i f i c a t i o n o f t h e t h e o r y t h a t a c c o u n t s f o r t h e s t r u c -

t u r e o f t h e p h y s i c a l p a r t i c l e s a n d e v e n t u a l l y i n t r o -

d u c e s n e w d e g r e e s o f f r e e d o m b u t s t i l l p r e s e r v e s 

t h e s e l e c t i o n r u l e s a n d g r a p h s c h e m e s w h i c h g o v e r n 

t h e o r i g i n a l l o c a l t h e o r y . 

T h e o r i g i n a l l o c a l i n t e r a c t i o n H A M i L T O N i a n H' 

a c t s first o f a l l a s a g e n e r a t o r o f s e l e c t i o n r u l e s a n d 

o f g r a p h s c h e m e s ( v i a t h e f o r m a l S - m a t r i x e x p a n -

s i o n ) b u t i t d o e s n o t n e c e s s a r i l y d e t e r m i n e t h e 

s p a c e - t i m e s t r u c t u r e a n d t h e i n t e r a c t i o n o f t h e p h y s i -

c a l p a r t i c l e s i f t h e t h e o r y i s t o b e a x i o m a t i c , i . e . , 

i f o n e r e q u i r e s t h e p h y s i c a l p a r t i c l e s t o b e d r e s s e d 

a n d t o i n t e r a c t a c c o r d i n g t o t h e s a m e r u l e s ( c f . , 

e . g . t h e L E E m o d e l ) . T o g e n e r a t e g r a p h s c h e m e s H' 

i s n e e d e d o n l y i n t h e l i m i t o f v a n i s h i n g l y s m a l l g2 

a n d t a k i n g t h i s a s a c o r r e s p o n d e n c e p r i n c i p l e t h e 

t h e o r y m a y b e d e t e r m i n e d f o r l a r g e r v a l u e s o f g2 

b y i m p o s i n g t h e g e n e r a l s t r u c t u r e a x i o m s . H o w e v e r , 

f o r g 2 > 0 i t i s o n l y d u e t o t h e p r e s e n c e i n H'[F] 

= g0F * H 7 o f a f o r m f a c t o r F <5 t h a t t h e l o c a l 

H A M i L T O N i a n H' = H'[d] =g0H b e c o m e s e f f i c i e n t i n 

a p o w e r - s e r i e s r e p r e s e n t a t i o n o f t h e S - m a t r i x s i n c e 

t h e e f f e c t o f H' a l o n e w o u l d o n l y c o n s i s t i n f u r n i s h -

i n g t h e p a r t i c l e s w i t h a p o i n t - l i k e c l o u d c o r r e s p o n d -

i n g t o Z - 1 = oo a n d t o f r e e d r e s s e d p a r t i c l e s . I n 

v i r t u e o f t h e e s s e n t i a l s i n g u l a r i t y a t z e r o c o u p l i n g , 

t h e f o r m f a c t o r F i n t h e a p p r o x i m a t e H A M i L T O N i a n 

H'[F] d o e s o f c o u r s e n o t c o n t r i b u t e t o t h e q u a l i t a -

t i v e p r o p a g a t i o n s c h e m e s u p p l i e d b y t h e a s y m p t o t i c 

p a r t H' o f H' [ F ] = F * H', a n d F a n d F s h o u l d b e 

i n t e r p r e t e d a s b e i n g a m e a s u r e f o r t h e e x t e n t a n d 

t h e i n t e r n a l s t r u c t u r e o f t h e c l o u d o f t h e i n t e r a c t i n g 

p h y s i c a l p a r t i c l e s . I t s h o u l d i n d e e d n o t b e c o n s i d e r -

e d s u r p r i s i n g t h a t a n a x i o m a t i z e d a p p r o x i m a t i o n 

s c h e m e a p p r o a c h e s t h e e x a c t l o c a l t h e o r y i n t e r m s 

o f a s e q u e n c e o f p s e u d o n o n l o c a l 8 H A M i L T O N i a n s : 

I f t h e i n t e r a c t i n g p h y s i c a l p a r t i c l e s o f a l o c a l t h e o r y 

5 J . A . SWIECA, Nucl. Phys., to be published. This paper will 
be referred to as II. 

6 T. D. LEE, Phys. Rev. 95, 1329 [1954]. 
7 The symbol * means the convolution product in coordi-

nate space. 
8 That is to say, S{H'} = S{H'[F]} in an expansion of the 

5-matrix in powers of g2 . 



w i t h p o i n t - i n t e r a c t i o n p o s s e s s a n e x t e n d e d c l o u d o r 

c h a r g e s t r u c t u r e v i a t h e i n t e r n a l f o r m f a c t o r s d e -

f i n e d b y t h e e x a c t ( r e n o r m a l i z e d ) v e r t e x f u n c t i o n , 

t h e n t h e i n t e r a c t i o n b e t w e e n t h e p a r t i c l e s m u s t b e 

e x p e c t e d t o b e c o m e a v i s i b l y n o n l o c a l o n e ( i n t h e 

s e n s e o f a n o n l o c a l HAMiLTONian o n l y ! ) i f a n a p -

p r o x i m a t i o n t o t h e e x a c t v e r t e x f u n c t i o n i s m a d e 

w h i c h a l t h o u g h d e p r i v i n g i t o f ( p a r t o f ) i t s i n t e r n a l 

f o r m f a c t o r s s t i l l m a i n t a i n s t h e e x t e n d e d c l o u d s t r u c -

t u r e o f t h e p a r t i c l e s . I f , i n p a r t i c u l a r , o n e s t a r t s 

f r o m a p e r t u r b a t i o n a p p r o a c h a n d r e q u i r e s t h e f o r -

m a l 5 - m a t r i x e x p a n s i o n p e r t a i n i n g t o H' t o c o i n c i d e 

w i t h t h a t o n e p e r t a i n i n g t o H'[F], t h e n t h e f o r m 

f a c t o r F i n t o w h i c h ( p a r t o f ) t h e e f f e c t s o f t h e e x a c t 

v e r t e x a r e r e i n t r o d u c e d o b v i o u s l y m u s t h a v e a n 

e s s e n t i a l s i n g u l a r i t y at z e r o c o u p l i n g . From t h e g e n -

e r a l s t r u c t u r e o f t h e a b s o r p t i v e p a r t o f t h e p r o p e r 

s e l f - e n e r g y it c a n b e s e e n t h a t t h e Fn(p, g 2 ) p l a y i n 

f a c t t h e r o l e o f a v e r t e x p a r t o r t h a t o f a c o n t r i b u -

t i o n t o t h e e x a c t v e r t e x . That i s t o s a y , i f t h e se -

q u e n c e o f a p p r o x i m a t e t h e o r i e s c o n v e r g e s t o t h e 

e x a c t l o c a l t h e o r y — t h e q u e s t i o n o f c o n v e r g e n c e b e -

i n g o f c o u r s e a s o p e n a s t h a t o f t h e e x i s t e n c e o f t h e 

e x a c t t h e o r y — t h e n t h e e f f e c t s o f t h e f o r m f a c t o r s 

Fn , Fn w i l l b e t r a n s f e r r e d i n t o t h e e x a c t v e r t e x f u n c -

t i o n o r i n t o t h e i n t e r n a l f o r m f a c t o r s d e f i n e d b y t h e 

l a t t e r . I t s h o u l d b e c l e a r , t h e r e f o r e , t h a t i f t h e e x a c t 

l o c a l t h e o r y e x i s t s , t h e s e d y n a m i c a l f o r m f a c t o r s 

h a v e a s l i t t l e t o d o w i t h t h e k i n e m a t i c a l f o r m f a c t o r s 

o f n o n - l o c a l f i e l d t h e o r i e s a s t h e v e r t e x p a r t o f l o c a l 

t h e o r i e s h a s . Fn(p, g 2 ) is b y c o n s t r u c t i o n a c a u s a l 

f o r m f a c t o r i n t h e s e n s e t h a t t h e v a c u u m e x p e c t a -

t i o n v a l u e o f t h e c o m m u t a t o r ( d e f i n e d v i a t h e a x i o -

m a t i z e d p r o p a g a t o r ) v a n i s h e s a t s p a c e - l i k e d i s t a n c e s . 

If one attempts to axiomatize a HAMiLTONian for-
malism one obviously is faced with the problem of 
reinterpreting — rather than eliminating — the con-
cept of bare particles. Since axiomatization means 
essentially consistent renormalization, this problem 
becomes relevant only if Z = 0 in which case the 
passage from renormalized to unrenormalized quan-
tities is not possible. What can be done at most if 
one insists on dealing with physical particles only 
(without referring to the problematic nature of field 
operators and bare particle states) is to compare 
cloud or charge structures for different values of 
the coupling. The fact that the structure function F 
(and similarly F, Fn and Fn) gives a measure for 
the extended charge structure of the physical par-
ticle and the statistical nature of the form factors 

is borne out by a projection of "bare with respect 
to physical vacuum" — states onto physical particle 
states in which the form factors play the role of 
weight functions (section 4 ) . It follows quite gen-
erally from this projection that a finite normaliza-
tion factor Z _ 1 , i. e., a sufficiently rapidly decreas-
ing vertex function1 , leads to physical particles 
which have an extended cloud or charge spread 
whereas an infinite Z _ 1 , i. e., an insufficiently ra-
pidly decreasing vertex function, renders the cloud 
of the physical particles to be point-like. In the 
axiomatized theory, the form factors F and F (resp., 
Fn and Fn) give rise to a finite wave function nor-
malization Z~*(g 2 ) for g 2 > 0 and, therefore, to a 
cloud of finite extent which shrinks to a point (the 
one defined by the bare quantuum) in the limit 
g2 —>- + 0 in which Z - 1 - * - + oo and F->-d, F 1 . 
This permits the interpretation that it is the point 
structure of the cloud that actually causes the van-
ishing of the interaction. The resulting free (dres-
sed!) physical particle —it is of course not identical 
with the bare one — behaves in virtue of its singular 
structure like an uncharged object that carries in 
itself the potentiality of evolving into a charged 
particle with the increase of the dimension of the 
cloud. This evolution is described by the structure 
function F(x,g2) or, equivalently, by F (p, g 2 ) . The 
dynamical form factors impart to the free uncharged 
physical particles at the same time both a charge 
capable of interaction and a probabilistic charge 
spread (or cloud structure) the latter being super-
imposed to the kinematical (mass-) spread the free 
particles possess in virtue of the combination of re-
lativistic and quantal properties. Hence, there can-
not be interaction (and/or charge) if there is no ex-
tended cloud (or charge spread) and vice versa. It 
is clear, therefore, that the Fn , Fn are the physically 
relevant quantities. As has been pointed out before, 
these form factors actually play the role of contribu-
tions to the exact vertex part, into which their ef-
fects will finally be transferred, and it is therefore 
not surprising that they are intimately related to 
quantities such as the familiar electromagnetic form 
factors (cf., section 4.2) . In an expansion in powers 
of g2 one obviously destroys and neglects the cloud 
and charge structure of the physical particles simul-
taneously with neglecting higher orders in g2 (also 
if totally iterated graphs are accounted for) thereby 
eliminating at the same time interaction at all. In-
stead, a physically meaningful expansion must be 



one in powers of the charge structure part g0 F (x, g2) 

of the approximate interaction HAMiLTONian H'[F] 

= g 0 F * H , thereby taking account of the fact that 

(also in the exact theory) the interaction should 

c o m e in via the spread rather than via the numerical 

value of the charge. 

The point cloud obtained in the limit g 2 - > + 0 
(where F —> d) obviously is the smallest structure 
whose support has a non-negative measure ( r > + 0 ) 
and the ghosts sometimes conjured up (instead of 
zero interaction) just arise from ignoring that the 
point cloud sets a limit to the procedure: An in-
version of the sign of the C O U L O M B potential at small 
distances (as if a support of negative measure would 
appear) and a corresponding violation of the posi-
tive definiteness condition in H I L B E R T space are in-
evitable consequences. 

It is important to notice that for g2 —> oc the ap-
proximate propagators pass into free ones while the 
approximate Z-factors tend to one. This apparent 
"freezing-in" of the vacuum requires a reinterpre-
tation since Fn—*~ 0 , and Fn —> 0 and likewise 
Ft'[Fn]—>0 as g2—oo , although the successive 
approximations may be expected to be reliable only 
for bounded values of g2 . The reinterpretation 
amounts to the introduction of an effective renor-
malized charge, g e ( g 2 ) , at each step of approxima-
tion, with g2 playing now the role of an internal 
parameter which characterizes the cloud structure 
of the particles rather than a coupling. In the exact 
theory reaching Z = 1 for some finite g2 would seem 
to imply the intervention of bound states. These 
questions will be discussed when we compare our 
results with those of G E L L - M A N N and Low 9 . At any 
case, the fact that Fn —> 0 for g2 — o o might lead 
to the conjecture that also the exact vertex function 
and the form factors defined by it vanish for large 
g2 if, as it should be the case in an axiomatic theory, 
the interaction causes the vanishing of the vertex 
part and that of the form factors for infinite mo-
mentum transfer. In quantum electrodynamics, the 
non-locality certainly will result in a lack of gauge 
invariance. We do not consider this as being a seri-
ous defect of the approximation scheme as long as 
there exists the possibility that the sequence of theo-
ries converges to the exact one in which the gene-
ralized W A R D identity is satisfied. More precisely, 
we take the extended cloud structure, charge spread 

9 M . GELL-MANN and F. E. Low, Phys. Rev. 95, 1300 [1954] , 

and consistent renormalizability to be of higher im-
portance then the preservation of a local continuity 
equation. On the other hand, after all what has been 
said before, it may be asking to much of an approx-
imate theory to satisfy all the requirements of the 
exact local theory. 

2. Renormalization in Terms of Dispersion 
Relations 

T o account for a consistent dressing of the phy-

sical particles and to render the renormalization 

process mathematically meaningful , we define the 

local hermitian interaction HAMiLTONian 

H' = g,H Or) (2.1) 

by the limit of the nonlocal HAMiLTONian H'[A]: 

H' = lim H'[Ä] = l i m A(x,X)* H'(x). (2.2) 
A-+Ö i — 0 

Here, A(x, X) is a real auxiliary cutoff function with 
A—>d(x) for > 0 and the symbol * denotes the 
convolution in coordinate space so that 

d*H' = H'[d] =//'. 

In relativistic theories where, for example, 

H^nOn(x), 
n 

A* H' means 
oo 

g0 J' (IJdxJ A(X-X1,X-X2,...,A) IJOn(xn) 
— oo 

whereas in the LEE model acts on the 0-particle. 
In subsection 2.1 we restrict the discussion to the 
V-particle propagator of the LEE model and to the 
totally iterated bubble approximation of a rela-
tivistic boson propagator postponing generalizations 
to subsection 2.2. The following notation will be 
used: In the relativistic case, M denotes the square 
of the renormalized boson mass, p = k02 — k2 while 
the variable m in the various spectral representa-
tions has the dimension of the square of a recipro-
cal length (we use h = c = 1 ) . In the LEE model, 
M denotes the renormalized mass of the V particle, 
the variable m has the dimension of a reciprocal 
length and p = E. The constant a > 0 denotes the 
lower bound of the continuous part of the mass 
spectrum, 0 M ^ a, p generally is supposed to 
be a complex variable and the physical propagators, 
self-energies etc. are defined in the usual way as 
boundary values of the corresponding functions of 



p (i. e., for a real p > a, a vanishingly small posi-
tive imaginary part is to be added to p in the in-
tegrals defining propagators etc.). 

2.1. Axiomatized Iterated Bubble Approximation 

Let K(p) be the divergent lowest order unrenor-
malized proper self-energy of the particle in the 
local theory with K{M) = oo , K'[M) = oo (in the 
LEE model, K represents the exact expression, of 
course). Suppose A to be such that K(p) is given 
by the limit of the corresponding finite unrenor-
malized self-energy Kx(p) of the cutoff theory (de-
fined by H' [A]), viz. K (p) = lim Kx ( p ) . 

Kx{p) has the spectral representation 
oo 

Kx(p) = fdmg02Qx(m)/(p-m) (2 .3) 
a 

with QX(m) =Q{m) -A2(m,X)> 0 , (2 .4) 

the absorptive part of K being given by 

o(m) = lim Qx(m) > 0 . 

Here, A(m, X) > 0 is the cutoff function of the self-
energy induced by the cutoff A(x, X) of the HAMiL-

TONian H' [ A ] with A-^-l for X —>- 0. Generally, 
A is a functional of A, 

A(x,X) =T[A(m,X) ;x]. (2 .5) 

In the L E E model, A is essentially the F O U R I E R 

transform of A[(k2 + ju2)1''+ x, X], x and ^ being 
the masses of N and Q particle respectively and 

a = x + fx, Q{m) = [ (m — x)2 — ju2]1'1. 

In the case of a relativistic boson propagator, A acts 
on the two spinors in H' and is related with A 
through a double integral equation. In quantum 
electrodynamics and ps meson theory, o(m), a, and 
the unrenormalized coupling g0 2 > 0 are given by 

£ = (m + 2 m e 2 ) ( 1 - 4 m 2 /m) 1 / ä , 

a = 4 m2, g0 2 = e 0 2 /12 n2 

and 
Q= (mr + 4 m mR2)1,2 0 (m — 4 mn2), 

« = (3 ,u)2, go2 = Sops/^ n~ 

respectively where, m e , mn and ^ are the renormal-
ized electron, nucleon and meson masses. 

By starting from the conventional HAMiLTONian 
and 5-matrix formalism, the unrenormalized boson 
or V-particle propagator in momentum space in the 
cutoff theory is given by 

Gux(p) = [p-M-Kx(p) +dMxj"1 (2.6) 

where the mass renormalization has been carried 
out according to 

6Mx = Kx(M). (2.6 a) 

The cutoff function A(m, X) will therefore be chosen 
such as to make Kx{p) —SMx finite10. Hence, the 
unrenormalized propagator (0 < g0 2 < oo ) 

/ r 00 

Gux(p) =G0 J \ l — g02 J dm QX (m) / (p — m) (m - M) 
a 

(2.7) 
has no singularity in the complex p-plane cut from 
p = a to p = oo except the pole at p = M of the free 
propagator G0 = l / ( p — M) with residuum Zx = 
1 / ( 1 — Kx {M)) ; in particular. Gux has no ghost pole. 
Therefore, by C A U C H Y ' S theorem, with the path of 
integration taken along both sides of the cut and 
closing by an infinite circle, what gives the contri-
bution 

2 i Im Gux — — 2 i | Gux 2 Im Güx 
= —2ni g0 2 QX | Gux |2, 

the unrenormalized propagator satisfies the relation 
oo 

Gux(p) = ZxG0+ f dm g02 Qx(m) \ GuX(m) |2 / (p — m) 
(2.8) 

for all p and for all values 0 < g0 2 < oo of the un-
renormalized coupling g0 2 . 

From (2 .8 ) , the renormalized propagator. 

Gx(p) =Zx-1Gux(P) (2.9) 
i r 00 

= G0/ l - ( p - M ) g2 J dm Qx(m)/(p — m) (m-M) 
a 

is seen to satisfy the axiomatically correct relation 
oo 

Gx{p) =G0+ J dm g2 Qx(m) \ Gx{m)\2/(p - m) 
(2.10) 

with the renormalized coupling g2 — gQ2Zx 11 being 
now restricted to the interval 

0 < g 2 < g c 2 ( / t ) = JdmQx{m)l(m-M)' 

(2.11) 

10 Some properties of the cutoff theory are discussed in the 
Appendix . 

11 In the considered approximation, this relation will be used 
also in ps meson theory. 



The rather trivial relations (2.8) and (2.10) may 
be considered as integral equations for or as inte-
gral (i. e., spectral) representations of the propa-
gators. Equ. (2.10) has been derived by LSZ 12a-12b 

— in a less trivial way — from the general require-
ments of axiomatic field theory what justifies the 
fundamental role played by (2.10) in an attempt to 
axiomatize a HAMiLTONian formalism. In fact, as 
will become clear in the following, extended cloud 
structure of physical particles, mathematically con-
sistent renormalizability of the propagators for non-
vanishing coupling and correct analytic structure of 
the propagators imply each other mutually. 

If the restriction (2.11) is kept, then, since 
g c 2 - > 0 in the local limit A—»-0, (2.10) implies 
Gx —> G0 . To escape this mapping of the theory into 
a free one1 3 , the original formalism must be extend-
ed by the inclusion of a continuation principle which 
releases the theory from the limitation imposed by 
(2.11) , thereby providing a continuation to values 
g2> gc2 (to g 2 > 0 in the local limit) of the propaga-
tor defined by (2.9) for g 2 < g c 2 . The well-known 
ghost propagators Gx(p) and G{p) = lim Gx(p) 

x^o 
which cease to satisfy (2.10) for g 2 > g c 2 a r e j u s t 

the result of such an extension: Gx(p) follows by 
continuation to values g 2 > g c 2 of the propagator 
Gx(p) given by (2.9) and (2.10) , i .e . , of the in-
tegral on the right side of (2 .10) , by simply drop-
ping the condition (2.11) . This continuation ob-
viously contradicts the positive-definiteness condi-

1 2 a H . LEHMANN, K . SYMANZIK, a n d W . ZIMMERMANN, N U O V O 
Cim. 2, 425 [1955]. By considering the quantity 
g2 £>; ! Gi \2 in the integrand of Eq. (2.10) as a given func-
tion, the r.h.s. of the equation is an integral representation 
for G; (p) of the L E H M A N N - K Ä L L E N type; cf. H . L E H M A N N , 
Nuovo Cim. 11, 342 [1954] ; G. KÄLLEN, Helv. Phys. Acta 
25, 417 [1952]. It is worth mentioning that the essential 
results of the present paper also remain valid if subtrac-
tions are included into the representation of the pro-
pagator. 

12b It is perhaps not uninteresting to notice that there exists 
a very close analogy between the field theoretical forma-
lism presented in this and in the next section and the for-
malism used for the description of the axiomatic theory of 
linear relaxation systems. Even the lowest-order spectral 
functions of both theories are almost the same. Cf. 
B. G R O S S , Nuovo Cim. 3, Suppl. 2, 235 [1955] ; B. G R O S S , 
Theories of Viscoelasticity, Paris 1953; W. GÜTTINGER and 
B. GROSS, to b e p u b l i s h e d . 

13 L. D. LANDAU, in „Niels Bohr and the Development of Phy-
sics", edited by W. PAULI, London 1955. 

14 It should be clear that the appearance of a ghost-effect is 
always the result of a continuation procedure (although 
such continuation sometimes is made only tacitly). In the 
LEE model, a direct calculation of the eigen-states of the 

tion of the axiomatic theory and the correct charge-
cloud structure of the particles 14. It is precisely this 
continuation procedure which is implicitly perform-
ed in the conventional purely formal renormaliza-
tion of the power-series representation of the S-
matrix and in the formal perturbation theoretical 
solution of the LSZ equation system 13. Actually, as 
we have seen, a mathematically and physically con-
sistent renormalization of the local theory (within 
the frame of axiomatics) implies vanishing inter-
action in the approximation considered. 

However, the necessity of an extension of the 
theory by a continuation principle being recognized, 
it is clear that the only continuation process that 
guarantees the axiomatic structure of the resulting 
propagator for all values g2 > 0 consists of a con-
tinuation into the domain g 2 > g c 2 of the integrand 
of the integral representation (2.10) , i .e. , of the 
spectral function ox(m,g2) given for g 2 < g c 2 by 

ox {m, g2) = g2 QX (m) ! Gx (m) j
2 

= \Bx(m,g2)/ji(m-M)] (2.12) 

• [Ax2{m, g2) + Bx2{m, g2) ] 
where 
Ax (m, g2) = 1 — (m — M) p v (2.13) 

oo 
• J d 5 g 2 ^ ( 5 ) / [ ( m - 5 ) (s-M)2] 
a 

and Bx{m, g2) = ^ g2 Qx[m)/{m-M). (2.14) 

Then, the right side of (2.10) passes into a defini-
tion of an axiomatically correct propagator Gcx(p) 

HAMiLTONian shows that ghost states appear only if a con-
tinuation of the unrenormalized coupling constant to 
imaginary values is made whereas one arrives at zero 
interaction if one insists that the coupling be real and 
thereby renounces a continuation concept. That ghosts 
may arise in approximations to an exact axiomatic theory 
is due to the fact that the renormalization effects and the 
cloud structure of the physical particle are governed by 
those higher-order effects which the approximations do 
not yet include. In this case, the continuation (for a given 
g2 > 0) which yields ghosts is the one in the variable x or 
p of the approximate propagators into domains for which 
the approximations cannot yet be thrusted since they do 
not include the renormalization effects that become impor-
tant in those regions. Then, to avoid ghosts one has to 
modify the concept of the FOURIER transform operation by 
changing the integration measure into one depending on g. 
This is of course equivalent to introducing a coupling-
dependent form factor. Thus, in any case, the entire diffi-
culties seem to originate from the fact that an arbitrarily 
weak coupling, defined by an arbitrarily small g, may be-
come arbitrarily strong the smaller the space-time region 
becomes in which the interaction takes place. 

1 5 H . LEHMANN, K . SYMANZIK, a n d W . ZIMMERMANN, N U O V O C i m . 
1 , 2 0 5 [1955] . 



which coincides with Gx(p) for g 2 < g c 2 : 
oo 

Gcx(p)=G0 + J dm ocx(m, g2) / (p - m) (2.15) 
a 

for all g2 > 0 where the spectral function 
Oc/ (m, g2) > 0 is the (analytic) continuation in the 
variable g2 of ox (m, g2) to g2 > gc2. 

Let p = px(g2) be the ghost pole. viz. the solution 
of the equation 

G0(px)/Gx(px) = 0. (2.16) 

The residuum of Gx (p) at this pole is given by 
Nx{g2) = Res (G,(p)) = g2 [d (p. - M) /dg2]/(px - M). 

P=PX (2.17) 

This is a particular case of Eq. (2.52). Since 
Gcx(p) = G / ( p ) for g2<g2. it follows that for 
S 2 > 0 

Gd(p) = Gx(p) — Nx(g2) &(g2-g2)/(p-pi). 
(2.18) 

We shall prove in the Appendix that Gcx(p) has no 
zeros in the cut p-plane. 

From (2.15) Gc;. is seen to satisfy the relation 
Gcx(p) = G0 (2.19) 

oo 
+ J dm g2 Ox (m) Fx2(m,g2) | Gcx(m) |2/(p - m) 

a 

for all g2 > 0 , X > 0, with the g-dependent form 
factor 
Fx (m, g2) = | Gx (m) /Gcx (m) | (2.20) 

= [1 + 2 Ax Cx + Cx2(Ax2 + Bx2) ] ~1/2. 

Here, Ax and Bx are given by (2.13, 14) and Cx is 
defined by 

Cx(m, g2) = — Nx ©(g2 - gc2) (m -M)/(m- px). 
(2.21) 

Since Gcx(p) in the cut p-plane, it follows from 
(2.19) by a reversion of the argument similar to 
the one used in passing from (2.7) to (2.8) that 
Gcx(p) can be represented for all g2 > 0 by the 
expression obtained from the right side of (2.9) by 
substituting there g2 Qx{m) F2(m,g2) for g2£>/(m): 

Gcx(p) =Gq j \ - (p - M) f dm g2 Qx(m) (2.22) 
L a 

•Fx2(m,g2)/(p-m) (m-M)2 

for g2 > 0 . 
By comparing (2.22) with (2.9) and taking ac-

count of (2.2), (2.4) and (2.5), it is seen that 
Ga(p) represents a propagator which could have 

been obtained by renormalizing — without encoun-
tering restrictions upon g2 — a theory described by 
the non-local interaction HAMiLTONian 

H'[A * Fx] = (A * Fx) * g0 (g2 ) H (2.23) 

with the particular g-dependent form factor 

(A * Fx) (x) =T[Ä{m, X) Fx(m, g2); x] (2.24) 

[where Fx = Fx{x, g2) ] which is a uniquely determin-
ed functional of the product of the auxiliary cutoff 
A in the self-energy with the known function 
Fx(m,g2) given by (2.20). go(g2) is defined by 

g 0 2 ( g 2 ) = g 2 Z " A 1 ( g 2 ) (2.25) 

where (g2) = lim (p - M) Ga (p) (2.26) —oc 
for g2 > 0 and X 0, and one finds 

Ö (g2) = (1 - g2/gc2) - 1 - Ni (g2) & (g2 - gc2) 
(2.27) 

oo 
= 1 + / d m g - > ( m ) Fx2(m,g2) |Gcx(/n)|2. 

a

 (2.28) 

Obviously, we have 
Fx{m, g2) = 1 j for 2< 2(A) (2<29) 

Fx(x,g2) =d(x) ) 

and the original cutoff HAMiLTONian H'[A] coinci-
des with the new one, H'[A* Fx], for g 2 < g c 2 . The 
uniquely determined HAMiLTONian H'[A*Fx] de-
scribes the "axiomatic continuation" into the do-
main g 2 > g c 2 of the original theory which worked 
only for g2 < gc2. As was to be expected, the super-
imposed form factor Fx, which renders the theory 
to be axiomatic also for g 2 > g e 2 , depends explicitly 
on g. Of course, it would have been impossible to 
start with A = Ö (x), i. e., with the local theory, 
since then the spectral function in (2.12) would be 
defined for g = 0 only and no continuation process 
whatsoever would give more than just the free the-
ory. However, for carrying out the continuation and 
for constructing a unique axiomatized theory it is 
obviously sufficient that ox(m, g2) be known for 
arbitrarily small values of g2 and X. Hence, the local 
H , furnished with an arbitrarily weak cutoff, actu-
ally is needed only in the limit of vanishingly small 
g2 to determine the axiomatic theory (via the con-
tinuation of the spectral function) for larger values 
of g2. 

The behaviour of g02 as a function of g2 (Eq. 
(2.25)) is shown in Figs. 1 a and 1 b for X=p0 and 
X.-+0 respectively. These diagrams tell the whole 



story of the "axiomatization" of the H A M I L T O N for-
malism in the most obvious way. The second branch, 
g 2 > g c 2 ( A ) , is in principle not attainable by the 
conventional HAMiLTONian and S-matrix formalism 
alone but only by the inclusion of the continuation 
principle suggested by the general axioms of the 
theory. A detailed analysis of the g0 2 — g2-relation 
for more general propagators will be given in II. 
Passing now to the limit A —> 0, thereby eliminating 
the auxiliary cutoffs A and A (A—> d, A—> 1) , we 
obtain the propagator of the "axiomatized iterated 
bubble approximation" for all values g 2 > 0 : 

G c ( p ) = lim Ga(p) 
Jl-*0 

0 0 XV 

= G0+ J dm g2 Q(m) | G{m)\2/ (p - m) 

= G0+ [ dmoc{m,g2)/(p-m) 
a 

= G ( p ) + Z c _ 1 / ( p - P o ) 

(2.30) 

/ r 
Gc(p)=G0/ I - ( P - M ) fdmg2Q(m) (2.31) 

L a 

•F2(m,g2)J[(p-m)(m-M)2] 

where 
o c (m, g2) = [B(m, g2)/n(m - M) ] (2.32) 

• [A2 (m, g2) + B2 (m, g2) ] 
and 

(2.33) 

p^f — oo (2.37) 

or Ze"1 (g2) = — g2(dp0/dg2)/(p0 — M) 
oo 

= 1 + f dm oc(m,g2) 
(2.38) 

F(m, g2) = lim Fi = | G(m)/Gc(m) | 

= [1 + 2 AC + C2(A2 + B2)]~112. 
Here, 
A(m,g2) = 1 - (m-M) pv (2.34) 

oo 
•Jdsg2Q(s)/[(m~s) (s-M)2], 

a 

B(m, g2) =n g2 Q (m) / {m — M), (2.35) 

C(m, g2) = Ze"1 (g2) (m-M)l(m- P o ) (2.36) 

are defined for g 2 > 0 and P o (g 2 ) = lim pi is the 

ghost pole, i. e., the solution of the equation 

G0(p0)/G(p0)=0. 

The wave function renormalization is given by 
Z c " 1 ( g 2 ) = lim (p-M) Gc(p) 

= 1 + J d m g 2 Q ( m ) J G(m) 

which is finite for 0 < g 2 < o o . Evidently, ZC = Z2 

in the LEE model and ZC = Z3 in Quantum Electro-
dynamics or meson theory. Gc satisfies the relation: 

Gc(p)=G0+ fdmg2Q(m) (2.39) 

• F2 (m, g2) | Gc |2/ (p — m). 

Gc{p) obviously is the renormalized propagator 
of a theory described by the non-local interaction 
HAMiLTONian 

H / m = F ( x , g 2 ) * g 0 ( g 2 ) ^ ( . : ) (2.40) 

with the special form factor F = lim A * Fi = d * F 
_ i-* o 

being given by (2.23) with A—> 1 : 

F(x,g2)=T[F(m,g2);x] (2.41) 

where F(m,g2) is given by (2 .33) . 
Thus, the axiomatization of the local HAMiLTONian 

formalism results — to the order of approximation 
considered thus far — in a uniquely determined non-
local interaction HAMiLTONian, H'[F], with the spe-
cial g-dependent form factor F(x, g 2 ) . From (2.29) 
and (2.20) it follows that 

and ^ ( x ) I asymptotically ( 2 > 4 2 ) 

F(m, g2) —> 1 I for r-^+0 

and, therefore, 
/ r [ F ( s , g 2 ) ] - > g 0 ' t f ( a ; ) a s g 2 ^ + 0 (2.43) 

where g 0 ' = g 0 ( 0 ) = lnng 0 ( g 2 ) and 

g o H g 2 ) 9 = g 2 Z ^ ( g 2 ) . (2-44) 

Hence, the original local interaction HAMiLTONian 
H' = g0H with the particular finite value g0 = g0 ? 
whidi in general is different from zero, is asympto-
tic limit for g2 - > + 0 of the nonlocal interaction 
HAMiLTONian H'[F] 16. 

2.2. Generalizations 

The essential point to consider if one attempts to 
axiomatize D Y S O N ' S formal perturbation theoretical 

16 The belief that a nonlocal structure is hidden in the for-
malism set up by R E D M O N D and BOGOLIUBOV is already pre-
sent in the final part of B O G O L I U B O V ' S paper 4 . A f ter most of 
this work has been done last year, we have been informed 
by M . SCHÖNBERG that M E D V E D E V et al have also obtained a 
nonlocal H A M I L T O N I A N in the case of the L E E model by 
starting from B O G O L I U B O V ' S procedure. 



renormalization scheme without being left with a 
free theory is that this scheme is mathematically 
consistent only if it is supplemented by a continua-
tion principle that applies to the renormalized 
charge in the approximate propagators. In particu-
lar, a continuation of the absorptive part of the 
approximate self-energy gives rise to an apparently 
local theory with ghosts and requires the introduc-
tion of an indefinite metric in H I L B E R T space. On 
the other hand, the axiomatically correct continua-
tion of the spectral function of the approximate 
propagator gives rise to a theory with a uniquely 
determined nonlocal HAMiLTONian. A definite g-
dependent form factor F d will always appear in 
H [F] if the exact vertex function of the original 
local theory does not vanish sufficiently rapidly for 
large momenta. This is the case, for example, in the 
LEE model where the above approximation already 
represents the exact expression. Then our approach 
yields a modified, however axiomatically correct 
theory. In local relativistic theories we do not know 
whether the interaction causes the exact vertex to 
vanish at large momenta. The conventional pertur-
bation approximations to the vertex — via the self-
energy — do not have this property but in fact give 
rise to the same situation as does the bubble approx-
imation considered above. The spectral function 
Q(m,g2) of the exact renormalized proper boson 
(or V-particle) self-energy 

W(P,g2)/G0=(P-M)2 (2.45) 
oo 

•fdmg2Q(m,g2)/[(p-m) (m-M)2] 
a 

involves the vertex function according to 12 

Q{m,g2)=Q{m) | r{m, g2)Jy \2 +U(m, g2) (2.46) 
where T\y is the ratio of the exact renormalized 
vertex function (for free particle momenta) to the 
zero-order vertex function, U > 0 is unknown and 
Q(m) has been given in section 2 (r = y = l in the 
LEE model where U = 0, / = 7 - , and y = y5 in 
neutral ps meson theory). In analogy with Eqs. 
(2.10, 11) the exact renormalized propagator 

G(P)=Gj[l-W(P,g2)] (2.47) 

satisfies the relation 

G(p)=G0+ J dm g2 Q(m, g2 ) | G(m) |2 /(p - m) 
(2.48) 

if 1 — Z (g2) = Hg 2 ) (2.49) 

=fdmg2Q(m,g2)/(m-M)2<l. 

1=1 implies dM = oo . The above relations also 
follow from the axiomatic formulation. From (2.39) 
and (2.46) it follows that Gc(p) satisfies (2.48) if 
we put r = y F and U = 0. Although this choice is 
not unique, it still hints at the interpretation of F as 
a contribution to the exact vertex function. Of 
course, this problem should be further investigated 
in connection with higher-order perturbation ap-
proximations (cf., below); a rough estimation seems 
to confirm the guess but we have not analyzed the 
problem in detail. The spectral function Q(m,g2) 
in (2.45) is related to the spectral function P(m, g0 2) 
of the exact unrenormalized proper self-energy 

oo 
K(p) = f dmg2P{m,g2)l(p-m) 

a 
by Q(m, g2) =P[m,g2Z-Hg2)], g2 = Z(g2) g02 and 
the exact unrenormalized propagator Gn = Z G is 
given by Gu = (p - M - K + ÖM)-1 with 6M = K(M). 

The higher-order perturbation approximations 
Qn(m, g2) ( = polynomial in g2 ) to Q (m, g2) do not 
decrease sufficiently rapidly for oo . Hence, 
introducing an auxiliary cutoff An according to 
Qn —> Qn An2, the axiomatization of the n-th order 
approximate theory can be performed as that of the 
bubble approximation Q t = Q± = Q . In particular, 
substituting Qn An2 for Q in (2.49) gives rise to a 
critical value g c n (A), and a continuation of the spec-
tral function oxn of the approximate cutoff propaga-
tor beyond g c n gives, after passing to the limit 
A —> 0, the axiomatized approximation to the exact 
propagator, Gcn, with spectral function ocn (m, g 2 ) . 
From the axiomatic formulation of field theory one 
knows that the spectral function in the propagator 
— and not the absorptive part of the self-energy — 
is the primary quantity that determines the dynam-
ical properties of the system. As in the case of the 
axiomatized bubble approximation, the approximate 
propagator Gcn contains a definite form factor 
Fn(m, g2) and belongs to a HAMiLTONian Hn' = H'[Fn] 
with form factor Fn(x, g2) where Fn—>1 and Fn^-d 
for g2 0. It is important to notice that in calcu-
lating, e. g., the next higher approximation to the 
self-energy, viz. g2 = g2 Q + g4 £2 ( m ) 5 o n e could 
already use the axiomatized bubble approximation 
Gc rather than G0 so that Q2 actually becomes a 
functional of F, Q2{m)-+ q2 [m, F[m, g 2 ) ] . This 
procedure — including also the correspondingly axi-
omatized fermion propagator — can in principle be 
iterated. However, except the axiomatized iterated 
bubble approximation Gc, probably none of the va-



rious modifications will lead to higher approxima-
tions Ge'1 which are practically useful. Nevertheless, 
it is not impossible that a detailed analysis would 
give an indication whether the minimum of the 
function go 2 (g 2 ) increases or decreases if higher 
approximations are taken into account. 

If the exact local theory exists, that is to say if 
the exact vertex function (more precisely, g2 Q) 
vanishes for infinite momentum transfer, the se-
quence of form factors F„ must tend to (^(x) and 
the sequence of nonlocal interaction HAMiLTONians 

„ ] consequently will tend to the local HAMiL-
TONian H' = H'[d]. The question of convergence — 
and the g2-domain for which it takes place — is of 
course as open as that of the behaviour of the exact 
vertex and at the present time we can only assert 
that F„ —> d for g2 - > 0 and for any finite n. At any 
case, it is clear that if the exact theory exists, then 
the appearance of the form factors in the approxi-
mate HAMiLTONians is only a transitory aspect of the 
approximation scheme and the physical effects of 
the form factors F„ , F„ will finally be transferred 
into the exact vertex function or into the "internal" 
form factors defined by the latter. On the other 
hand, if the exact vertex part does not have the 
properties required by axiomatics, then our formal-
ism supplies a definite nonlocal theory of which the 
local (but axiomatically inconsistent) theory may 
be an asymptotic representation for g2 —> + 0 . In 
either case can the form factors F = F x and Fn 

be 
viewed as playing the role of a vertex function or 
that of a contribution to it. That the form factors 
actually describe the cloud and charge structure of 
the physical particles has already been mentioned in 
the introduction. We shall come back to this ques-
tion in sections 3 and 4. 

Let now W„/G0 be the approximate (renormaliz-
ed) self-energy of the boson which results from 
(2.45) by substituting there Q„ for Q. In calculat-
ing Q„ one may already use the "lower-order" ax-
iomatized propagators G,.'"(p) with m n — 1. 
Then the corresponding ghost propagator is obtain-
ed from (2.47) with W replaced by W„ : 

G"(p) =G0(p)/[l — W„(p, g 2 ) ] . (2.50) 

Under very general assumptions on Wn (they will 
be discussed in II) the axiomatized "n-th order"" 
propagator takes (in analogy with (2.18) and 
(2 .30 ) ) the form 

C c « ( p ) = C " ( P ) + Z ( T n 1 / ( p - p o») (2 .51) 

where Z^,} is the corresponding axiomatized approx-
imation to the exact Z~x and pon(g2) is the ghost 
pole, i. e., the solution of the equation 

Go(pon)/G'l(p0n) = 0 . (2 .52) 

ZC7} is given by 

Zc".1» ( d p 0 w / d g 2 ) / [ ( p 0 „ - M ) 3 r M ( p o „ . g 2 ) / 3 g 2 ] 

= - [ ( p o n - M ) dWn(p0n,g*)/dp0„]-i (2 .53) 

in analogy with (2 .38) . 
If, in particular. tF„(p,g2) is the n-th order per-

turbation theoretical expression, then 

Wn {p, g2) — g2n J(p) (p — M) for g2 — + oc (2 .54) 

and it follows that 
Z e " 1 - ^ 1 for g 2 + oo . (2 .55) 

The implication of this result will be discussed in 
the next section. To prove (2 .55) , one observes that 
from (2.52) and (2.54) it follows that for g 2 - > oo 

Pon=[g~2n/J(M)]+M + o(g-2n) (2 .56) 

whence 
dWnipon. g2)dpon = g2n[J (M) + o ( l ) ] 

+ d [ l o g / ( M ) ] / d M + o ( l ) 

and, therefore. 
Zcn1=[{[g-2n/J(M)]+o(g-2n)}dWn/dp0nr' 

= l + o ( l ) 

for g2 —> + oc. Here we have used the fact that, for 
g 2 ^ oc . 

p0n(g2)-+M. (2 .57) 

3. Propert ies o f the Theory 

Most of the qualitative properties of the axiomat-
ized theory have already been anticipated in the 
detailed discussion given in section 1. Referring to 
this section, we give in what follows a brief account 
of the relevant quantitative results that lend support 
to the interpretation given earlier. They follow di-
rectly by inserting the explicit expressions for o ( m ) 
into the propagators, form factors and normaliza-
tion constants. 

3.1. Singular Structure and Asymptotic Properties 

In the limit m o c . F behaves according to 

F(m, g 2 ) ^ (Z(71 g2 log m ) ( 3 . 1 ) 

If g2 is sufficiently small, F^ (g0 '2 log m) for 
g2 > 0. m —»- oc. In the limit of small g2 (g2 + 0 ) . 



Z(. is given by 

^ • = ( g 2 / g o / 2 ) - e x p ( - g 0 ' 2 / g 2 ) (3.2) 

where g o ' = l (3.3) 

in both the LEE model and the relativistic case (cf. 
also Ref. 3- 4 ) . 

Since F and Fn tend to zero for m - > oo, con-
vergence is ensured for any finite order approxima-
tion if g 2 > 0 . In the LEE model, for ju = 0 and 
sufficiently small g2 the equation for p0 reduces to 

[ ( x — Po) / (M — Po) ] - log[ (x — p0)/(x — M) ] = g~ 2 

(3.4) 

whence Z.71 = g ~ 2 / [ l + ( M - * ) / ( * - p 0 ) g 2 ] for 
g2—> + 0 . where p 0 — — oo. On the other hand. 
p0 —> M for g2 —> oo in which case Z c—>1. In the 
relativistic case, the calculations are quite analogu-
ous. g0 2 increases monotonuously with increasing g2 

(see Fig. 1 b) and 

Z ö ' - g o ' / g 2 for g 2 - + + 0 . (3.5) 

The charge of the cloud due to vacuum polarization 
is given by g — g0 and, in virtue of the above results, 
the theory describes not bare particles for g2 —> + 0 
but clothed physical particles whose bare core's 
charge (g0 —> g0 ' ) becomes compensated by that of 
the cloud as g2—>0. Hence the size of the cloud 
shrinks to the point occupied (or defined!) by the 
bare particle, the charge density of the cloud in-
creases and finally "annihilates" that of the core, 
the result being free physical point-particles which 
do not interact with one another owing to their 
strong self-interaction. Since one cannot pass in a 
continuous way from g2 = 0 to g2 > 0 , the free 
theory has to be defined as the limiting case 
g2 — + 0 of the theory with interaction. This limit 
is of course a non-uniform one and can only be 
approached indefinitely. Although the interaction 
H [F] remains different from zero in this limit, 
according to (2.43) , the particle is characterized 
by a free propagator: Gc —> G0 for g2 —> + 0 . It is 
readily verified that in virtue of the logarithmic-
behaviour of the renormalized self-energy not only 
has Z(T1 an essential singularity at g2 = 0 but so 
have also , F and F and 

Gr ~ G, d, F ~ 1 asymptotically for g2-+ + 0. 
(3.6) 

This also holds for any "finite-order" approxima-
tion if Wn increases logarithmically for p—> oc 
{ W n ~ (log p) *, l o g l o g p etc.) in which case it fol-

lows from (2.51) that 

G" - G", Fn ~ d, Fn ~ 1 

asymptotically for g 2 -> + 0 . (3.7) 

One therefore may ask more generally for the struc-
ture of axiomatic field theories the propagators of 
which have the ghost propagators of the conventio-
nal formally renormalized theories as asymptotic-
representations for g2 — + 0. This gives of course 
a class of axiomatic theories in contrast with the 
unique theory obtained in this paper. One arrives at 
our unique Gcn if one requires that the class of 
axiomatic propagators Grn which are asymptotically 
equivalent to G" be restricted by the condition that 
disc {£ , . " } = disc { G " } on the cut or, what is the 
same, that the spectral function of the propagator 
be analytic in g2. By starting from the requirement 
of asymptotic equivalence — in the sense of a physi-
cal correspondence principle — considerable infor-
mation about the high-energy behaviour of field 
theories can be obtained and a mathematically cor-
rect meaning can be given to the method suggested 
by R E D M O N D . B O G O L I U B O V et al. for axiomatizing 
propagators. Of course, the physical meaning of 
such an approach — which has been discussed by one 
of us 5 — would remain obscure and could only be 
inferred (if at all) a posteriori, if one would not in-
clude form factors into the HAMiLTONian which do 
not contribute to the formal series expansions in 
powers of g2. At a n y case, the a s y m p t o t i c properties 
of the theory make it evident that G" and H are 
needed only for g2 —> -f 0 to determine the axiomat-
ic theory. That H' = d * H' furnishes the bare core 
only with a point-like cloud in a formal expansion 
of the S-matrix in povers of g02 is immediately seen 
from the fact that Z^T1 becomes infinite, in the way 
explained above, as g2 — + 0 and in a power-series 
expansion, whereas Z 0 1 remains finite for g 2 > 0 . 
in which case the form factor F in H'[F] = F * H' 
is different from b. The conventional perturbation 
approach in fact fails since it treats all distances in 
the same way irrespective of the magnitude of the 
coupling. The presented approximation scheme, on 
the other hand, ensures a correct prolongation of 
the cloud up to arbitrarily small distances, thereby 
treating each distance in a way compatible with the 
presence of interaction in the considered space-time 
region. As has been mentioned in section 1. a physi-
cally sensitive expansion has then to be the one in 
powers of g0 F where one may neglect higher orders 



(in g0 F) without destroying the particles cloud or 
charge spread. It is obvious from the commutation 
relations 
{[Z^d0(x,t)/dt,0(x\t)])o 

= lim [Gc(xv,xv) t>t' — Gq{xv,Xv') t<r ] 

with Gc = dGc/dt that the form factors F, F are 
causal form factors. 

In particular, we have 

lim lim [Gc(x, t) — Gc(x, — t)] = — i d{x) (3.8) 

and 
lim lim [Gü(x, t) - Gc(x, - t) ] 

= —id(x) ' lim (g 0 ' 2 /g 2 ) . 
p,2-> +o 

Eq. (3.8) tells us that two interacting physical par-
ticles behave as if they were free if one lets first 
shrink their clouds to the cores and then brings 
them together. Eq. (3.9) refers to the case where 
the interacting particles first are brought together 
and then their common cloud shrinks to a point. 
Clearly, the familiar statement that the renormalized 
equal-time commutators are at least as singular as 
the free one is now restricted to imply that they are 
less singular than the one corresponding to the limit 
of vanishing interaction. Eqs. (3 .8 ) , (3.9) are due 
to the fact that the limiting processes g2 —> 0 and 
p - > oo do not commute with one another. 

It is easily seen that mass renormalization is still 
infinite for bosons in the axiomatized iterated bubble 
approximation: 

oo 
ÖM = ZC f dm(m-M) oc(m,g2) (3.10) 

a 
(Z = ZC = Z3) 17 reduces to 

oo 
0M~g0-2 f dm/ (log m)2 = . (3.11) 

a 
Generally, the exact boson mass renormalization will 
always be infinite in any axiomatic theory the boson 
propagator of which has a ghost-propagator as an 
asymptotic representation for g2 —> 0. In particular, 
this holds for Gcw. We show this in II. On the other 
hand, a generalization of the preceding formalism to 
relativistic fermion propagators shows that Z 2 _ 1 as well 
as the mass renormalization for the fermions becomes 
finite in any axiomatic theory the fermion propagator 
of which has a ghost propagator as asymptotic repre-
sentation for g2 - > + 0 . This holds in particular for the 

17 For a finite mass renormalization, this axiomatic formula 
for dM can he shown to be equal to the one given by 

axiomatized iterated bubble approximation of the ferm-
ion propagator— and likewise for higher approxima-
tions—of quantum electrodynamics and neutral ps 
meson theory. The reason for the fact that relativistic 
fermions' mass renormalization dM is finite in con-
trast with that of bosons (and with the dM of the V-
particle) is the lower order degree of increase of the 
fermion spectral function (cf. II). 

The approximation scheme we have suggested is 
equivalent to one in which one starts from a (local) 
HAMiLTONian, applies a formal (re-) normalization to 
the physical states (cf. also section 4) obtained from 
the HAMiLTONian and constructs from these states the 
renormalized axiomatic spectral function o (m, g2) di-
rectly. For this purpose, H' is needed only in the 
asymptotic limit g2 —>• 0. While those approximations 
maintain the correct cloud structure, this structure is 
destroyed if one attempts to approximate formally the 
renormalized self-energy W or its absorptive part 
g2 Q (m, g2). The spectral function o of the exact theory 
actually is the primary quantity in the axiomatic theory, 

o(m,g2)=g2Q(m, g2)-\G{m,g2)\2 

[ c f . ( 2 . 4 8 ) ] , w h i l e the a b s o r p t i v e p a r t g2 Q is the pr i -
m a r y q u a n t i t y in the HAMiLTONian f o r m a l i s m . 

3.2. Physical Meaning of g2; Effective Charge 

The renormalized charge g cannot directly be in-
terpreted as being the true physical charge. 

The relation (2.55) , viz. 
Z c —>1 and Zcn —>• 1 for g 2 — > oo , (3.12) 

could lead one to believe that the vacuum is "freez-
ing-in" since its "polarizability" (go — g)/go tends 
to zero for g 2 — o o (although the successive ap-
proximations may be expected to be reliable only 
for bounded values of g 2 ; in the axiomatized LEE 
model we have a definite problem to solve since our 
first approximation already gives the exact theory). 
However, the correct interpretation of (3.12) rests 
upon the fact that, in the way it was obtained, the 
form factor F(x, g2) is not automatically normalized 
to unity except for g2 - > + 0. Indeed, 

+ oo 
F-+0, F—^0, J dxF(x, g2)—> 0 

— oo 

H'[F]=g0F*H->0, G C - > G 0 (3.13) 

for g2 —> oo. This can directly be verified in the 
LEE model and by indirect arguments, starting from 
F - > 0, also in the relativistic case. We therefore 
have to replace F and g0 in H'[F]=g0F*H by 
the effective form factor Fe and the effective un-

Eq. (2.6 a) respectively by the generalization of this equa-
tion (cf . , I I ) . 



renormalized charge go e , respectively: 

Fe{x,g2)=F{x,g2) / JdxF(x,g2) (3 .14) 

+00 
g0 e = g 0 - JdxF{x,g2). (3.15) 

— 00 

Then the effective renormalized charge g e , given by 

ge = g+fdxF(x,g2), (3 .16) 

9e. max 

Fig. 2. The function gOe2(ge2) > parametrized by the 
variable g2. 

except for g 2 ~> 0 where it coincides asymptotically 
with g e 2 . Instead, g2 is now to be interpreted as be-
ing an internal parameter of the theory which char-
acterizes the cloud structure of the physical particles 
or their interaction spread. Hence, while for g2 —>- 0 
a free theory results in which the bare core is being 
compensated by the surrounding point cloud in the 
way described above with H' [F] g 0 ' / / 0 , 
g e —> 0, goe go' 0, the theory passes into an-
other free one for g2—> 00 in the sense that 
H'[F] - > 0, g e - > 0, g 0 e - > 0, Gc-> G0 , where how-
ever the density of the cloud decreases with increas-
ing cloud diameter. The function g e 2 ( g 2 ) is given 
in Fig. 3 ; its maximum gives that value gx of g up 
to which the approximation may be expected to be 
reliable. The same value gx also characterizes the 
maximal value that can be reached by g e 2 consider-
ed as a function of goe2. A glance at Fig. 2 shows 
that G E L L - M A N N and Low's assertion 9 g0 = constant 
is confirmed in the limit of vanishingly small g e , i. e., 
d " g o e 2 / d ( g e 2 ) w - > 0 for all n > l and g o e 2 - > g o ' 2 

as ge2—>0. This follows immediately from the cor-
responding expressions without the subscript " e " , 
which are readily proved, taking into account that 
Fe -> F for g2 —> 0. However, the function g0 e 2 (ge2) 
always remains in the physical domain Z _ 1 > 1. 

is to be interpreted as being the true physical charge. 
Obviously, 

g e 2 ( g 2 ) = Z c ( g 2 ) g o e 2 ( g 2 ) , (3.17) 

together with ZC 1 for g2 —> 00 implies that goe2 

is a two-valued function of g 2 with ge 2 —> 0 for 
g2-+ 00 and g2 I2 g 2 > 0 for g2->- 0. g0 e 2 as func-
tion of ge2 is schematized in Fig. 2. It is clear then 
that g 2 does no longer play the role of the charge, 

Fig. 3. The function ge2(g2)-

From (2.55) we know that Z = Z c w - ^ - l for 
also if higher approximations are taken 

into account and that, therefore, Fn — 0 , Fn —> 0 
and H n ' 0 for g 2 —> 00. Hence, the above re-
interpretation of the theory in terms of an effective 
renormalized charge also applies to the higher axio-
matized approximations and the function goe2(ge2) 
will always be of the type schematized in Fig. 2. If 
the approximate theories converge to the exact local 
one, then the essential characteristics of the function 
goe2 (ge2) — namely that its diagram consists of a 
two-valued curve which starts at some point g2 — 0, 
goe2 and terminates at g 2 = goe2 = 0 such that always 
Z < 1, — will be kept also for the exact theory. This 
implies, however, that G E L L - M A N N and Low's result, 
viz., g0 e 2 = go'2 = constant independent of g2, can 
hold (if at all) only f or 0 < g e 2 < g 0 ' 2 if go'2 is 
finite and that the continuation of the function 
goe2 (ge2) 5 which is parametrized by the variable g2 , 
must consist either of the diagonal Z = 1 down from 
gOe2 = go'2 to g0 e 2 = O, g 2 = 0 or of any other curve 
inside the domain Z < 1 that reaches the origin with 
Z = 1 . Hence, in contradistinction to G E L L - M A N N 

and Low's conjecture, there is no reason for exclud-
ing a finite g 0 ' 2 . 

On the other hand, while in the approximating 
curves g0e2(ge2) the variable g2 parametrizes the line 
and runs from zero to infinity (corresponding to 
gOe2 = go2, ge2 — 0 and goe2 = ge2 = 0 respectively), it 
must be borne in mind that g 2 must become equal to 
g2 if the exact theory is reached. Since, for a finite 
£ O ' 2 > ge2 necessarily is bounded by g0'2, whereas g2 is 
not, ge2 cannot equal g2 for g2 > g0'2 except that either 
g0'2 = 00 or the sequence converges not properly or 
something very particular will happen that makes g2 

to stop if the straight line goe2 = go 2 = const, reaches 
the point characterized by Z = l . We were not able to 



clarify this problem; it might be expected that reach-
ing Z = 1 for g2 = go'2 implies the intervention of bound 
states. Since the form factors effectively play the role 
of the vertex in the approximate theories, and vanish 
for g 2 oo one might conjecture then that also the 
exact vertex part vanishes for sufficiently large values 
of g if the interaction renders the vertex to vanish at 
infinite momentum transfer in a accordance with the 
requirements of an axiomatic theory. In this connection 
it is interesting to note that in virtue of F —> d, Fn —> d 
for g2 0 and/or n -> the variables g2 and 1 jn 
play mathematically a role quite similar to the para-
meter e in familiar representations of the delta func-
tion, ö (x) = lim ö (x, e). It might very well be that a 

E —0 
detailed analysis of the peculiar property for g2 —>• oc 
of the approximating theories could give valuable in-
formations about the structure of the exact local theory. 
For the time being, however, the results of this sub-
section merely imply that the approximate propagators 
may by physically useful for sufficiently small values 
of g2 only. This and the fact that g2 does no longer 
play the role of a coupling if it becomes to large, also 
prevents a discussion of strong coupling effects without 
further specifications. 

3.3. Potential between Charges 18 

The finite structure of the axiomatized theory and 
the singular type of physical particle obtained in 
the limit g2 0 may of course most easily be visu-
alized in terms of the potential between two charges. 
Taking quantum electrodynamics as basis, we ob-
tain from the axiomatized iterated bubble approxi-
mation G c (p , ) the potential U (r) = 3 n V(r) with 

+ 00 

™ - < / * * « < * ' > ( 3 . 1 8 ) 

= g2 + y J dm2 o c (m 2 , g2) exp ( - m r) j 

= (g2/r)[l+h(r,g2)] 
oo 

with h(r, g2) = J dm2 o c( /n2 , g2) exp( - m r) 
(3.19) 

where Gv,(x,t) is the F O U R I E R transform of Gc{p,) 
and h(r,g2) gives the measure for the deviation of 
the potential from the C O U L O M B one. Obviously the 
usual formally renormalized non-axiomatized iterat-
ed bubble approximation i. e., G could not have 
been used (it would change the sign of the potential 
at some r = r0) while the non-iterated bubble ap-

18 From here on, and also in section 4. we suppose m to have 
the dimension of a reciprocal length. In section 4 we shall 
use the notation p= p , z = E . 

proximation has been shown to be only a large 
distance approximation. From 

lim V(r) = g02 /r , lim V = g2\r 
r-»0 r-* oo 

the usual interpretation of the deviation from the 
C O U L O M B potential as being due to the charge cloud 
around the bare core due to vacuum polarization 
follows. That is, the original point charge evolves 
into a extended object as the result of its interaction 
with the electron-positron-photon vacuum. From 
(3.19) and (2.37) it follows that 

A ( 0 , g 2 ) = Z - 1 - l 
and h(0, g2) ~ g0 '2 /g2 for g 2 - + + 0 (3.20) 

while for any finite r > 0 the convergence factor 
exp ( — m r) in h (r, g2) and the fact that 

o c (m, g2) ~ g 2 p ( m ) for g 2 ^ + 0 

implies that 
h{r,g2)r> o - ^ 0 for g 2 - > + 0 . (3.21) 

Hence. lim lim h{r, g2) = 0 (3.22) 
r->-0 (/-+0 

and lim lim h(r, g2) = oo. (3.23) 

This implies precisely that the charge of the core 
becomes completely compensated by that of the 
cloud in the limit g—> 0 where the size of the cloud 
shrinks to the point occupied by the bare core. Ob-
viously (3.22) and (3.23) are equivalent to (3.8) 
and (3.9) respectively. For sufficiently small g2 and 
r =/= 0 one has: 

/ * ( r , g 2 ) ~ A 0 ( r , g 2 ) (3.24) 
oo 

= J dm2 g2 [g (m2) /m4] exp ( — m r). 
a 

The behaviour of h0 for small and large r is given 
by 

h0 — — 2 g 2 [ l og ( r me) + 0 ( 1 ) ] for 
(3.25) 

h0 ~ g2 ti1'2 (3/4) exp ( - 2 r m e ) / ( r m 0 ) 3 / 2 (3.26) 
for r mc oo 

respectively. 

The substitution of h by h0 can be considered a good 
approximation for r [exp( — l/g2) ]/me . However, 
the essential qualitative characteristics of h0 for small r 
will be present in h also for rSi [exp(— l /g 2 ) ] /m e . 

With those few formulas one can indeed verify all 
the statements previously made about the cloud struc-
ture of the particles, such as the appearance of point 
structures and divergences ( Z c - 1 - ^ 0 0 ) for g2 —> 0. 
It is likewise easily to be seen how the particle passes 



into a free uncharged one as g2 —>• 0 and similarly can 
the apparent "freezing-in" of the vacuum be inferred in 
the limit g2 - > 0 0 which has led us to the introduction 
of the effective charge ge . The general behaviour of 
h(r,g2) for small g2 is schematized in Fig. 4. The 
radius r0 is defined by h(r0,g2) = 1, whence 

r0 — m e _ 1 exp (— l/g2 3 71). (3.27) 

h(r]g2) * 
•2 , 2 

90 '9 

a 
P 

0 

Fig. 4. The function h(r, g2), with V(r) =g2(l + h)/r. 

In the neighbourhood of r0 , h has a logarithmic be-
haviour and the region (I), 0 < r ^ r0 , gives the main 
contribution to the renormalization effects. This domain 
is of course not attainable by a perturbation approach. 
r0' is defined by h(r0', g2) = ß with ß — g2, whence 

r0'~mc-\ (3.28) 

In the neighbourhood of r0', h decreases exponentially, 
and r0' is "stable" with respect to g2—>-0. It is clear 
that the domain (II), r0 r <C r0', gives the relevant 
contributions to the radiative corrections to scattering 
and to the L A M B shift. In region (III), r !> r0', the ef-
fect of the polarization part of the cloud can be neg-
lected. As g2 - > 0, h tends to zero in regions II and III 
while the size of the region I shrinks to zero with a 
simultaneous increase of h. If the effective charge ge 
is introduced according to (3.16), h tends to zero 
everywhere as the structure parameter g2—> 00 while 
the situation for g2 -> 0 remains unaltered (since then 
g~ ge). 

One might expect that the picture would change 
completely if higher-order approximations are taken 
into account. However, it must be borne in mind that 
the situation encountered with at g2 — 0 is already the 
most singular case (in contrast with the perturbation 
theoretical result!). Therefore, and since F—>d for 
g2 — 0 , we are not so pessimistic to believe that the 
axiomatized iterated bubble approximation could not 
be thrusted at least for small g2. We observe that r0 
could be identified with the gravitational radius R = RC 
of the electron if 3 n g2 could be identified with the 
fine structure constant. However, in virtue of the ex-
ponential in (3.27), a small change in a produces a 
large change of r0 even if a remains of the order one. 
This clearly implies that the familiar guess 13, viz., that 

19 D. I. BLOKHINTSEV, Fluctuation of Space-Time Metric, pre-
print, Dubna 1960. 

the gravitational radius of the electron follows from the 
ghost pole Po(g2) — with G = D'F —, is completely un-
justified. In addition, we have seen that g does by no 
means play the role of the electron's charge. The only 
reasonable argument is the one referring to r0' = me~1 

[Eq. (3.28)] which, by the choice ß — g2, characterizes 
that domain [cf. (3.18] r ^ m e - 1 in which only 4-th 
and higher orders of the charge play a role. One might 
perhaps speculate as to the situation in case that a 
"universal length" of the order / = 10 - 1 3 cm should turn 
out to play a role in physics. This seems suggestive, 
since the classical electron radius r0" = e2/me is of the 
same order as the radius r0"' = gpjmn given by meson 
theory. This situation, however, is not reproduced by 
the axiomatized theory, and the only length which is 
independent of the mass actually is given by the geo-
metric mean /0 = (R • r0 )1/2 where R = m x is the gravita-
tional radius of a particle with mass m and x the gravi-
tation-constant. In case of the electron, m = me and 
/0— 10 - 3 2 cm 19. It is of course not impossible that the 
gravitational radius — actually the only critical length 
that so far appears to be incorporated in a consistent 
way into a physical theory —plays the fundamental role 
one expects from it, last but not least since R increases 
with m while r0' decreases with increasing m. 

3.4. Free Particle Spread 

We have thus far not explained whether or not the 
variables x (or r) and t can be considered as space-
time coordinates. The arguments in section 3.3 apply, 
strictly speaking, only to fixed test charges but we con-
sider the charge structure of the particles also as be-
ing associated with physical particles as a result of 
their interaction with the vacuum. The resulting charge 
spread is of course not to be confused with, but rather 
superimposed over, the mechanical (mass-) spread the 
non-interacting physical particles possess in conse-
quence of the combination of relativistic and quantal 
properties (WEISSKOPF 20). This spread is usually inter-
preted as being the result of virtual pair creation if a 
sufficiently accurate localization of the particles is at-
tempted. 

We are, however, not quite sure whether this inter-
pretation is entirely consistent since the charge or mass 
distribution due to this spread does in no way depend 
on the coupling. That is to say, this spread of the free 
particles should rather be explained entirely within the 
frame of the free theory as being a purely kinematic 
effect. In fact, localization of a particle in a small 
domain prevents, in virtue of the uncertainty relation, 
any precise knowledge of its velocity and thus of its 
rest-system and, therefore, as a result of L O R E N T Z con-
traction, prevents any precise knowledge about the 
space extent of the particle in the measuring system. 
The argument is easily put into formulae, giving a 

20 V. F . W E I S S K O P F , Phys. Rev. 5 6 , 7 2 [ 1 9 3 9 ] . 
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spread of the o r d e r 2 1 r 0 ' = m _ 1 . One m a y associate 
this spread with the bare quantum and super impose the 
(dynamica l ) spread of the c l oud due to the interaction. 

4. Cloud Structure and Interaction-Spread 
of Physical Particles 

In this section we represent physical particle 
states in terms of bare ones to show that a divergent 
wave function (re-)normalization Z _ 1 due to an in-
sufficiently decreasing vertex function (or, more 
generally, absorptive part of the self-energy) implies 
that the size of the cloud of virtual quanta in the 
physical states reduces to the point occupied (or de-
fined) by the bare quantum (and vice versa). The 
infinite Z~1 that gives the point cloud and originates 
from an insufficient decrease of g2Q(m,g2) for 
m —> oo, must of course be distinguished from the 
infinite Z _ 1 that would result in case g 2 were in-
finite and g2 finite while g2 Q still decreases (as is 
the case, e.g. , in the cutoff theory ( A > 0 ) for 
g2 —>- g c2) in which case the cloud still would have 
a finite extent. A finite Z~1 on the other hand cor-
responds to an extended cloud and conversely and 
only in this case is a consistent renormalization pos-
sible that leads to a theory of interacting particles. 
These statements hold of course for both exact and 
approximate theories. In the axiomatized theory de-
scribed in the preceding sections, Z~1(g2) is finite 
for g2 > 0 but tends to infinity as g2 —> 0 since then 
Q does no longer decrease sufficiently rapidly and 
the formal power series expansion of Z _ 1 has di-
vergent coefficients. From this one can understand 
that the perturbation approximations reduce the 
cloud to a point. It should not be considered sur-
prising then that the point cloud fails to reproduce 
any of the physical properties of the extended par-
ticle, in particular, that particles with a point-like 
cloud are not able to interact with one another (cor-
responding to a mapping of the theory into a free 
one). Of course, in renormalizing formally a field 
theory the above mentioned structures do not be-
come explicit since such an approach does not tell 
anything about the cloud at small distances. We 
introduce, for the sake of generality, a parameter u 
such that Z = Zu — Z(u) becomes a function of u 

21 Suppose the particle to have a spread Al, i .e . , that it 
could be localized in a region of dimension not smaller 
than Al. The spread in the particle's rest-system would be 
Ax=Al/(\— v2)1/* (ft = c = l ) . In virtue of the uncertainty 
relation Ap Al > 1, the rest-system is subject to a uncer-

and that Zu 1 < oo for u > 0 but 
O for u-*0. (4.1) 

In accordance with what has been said before about 
the divergence of Z _ 1 , we suppose that ZM _ 1 be 
representable by an integral which diverges for 
u —> 0, the integrand however remaining finite. In 
particular, u can represent the cutoff parameter A if 
no axiomatic extension is performed. We shall, how-
ever, mostly interprete u as being the renormalized 
(effective) charge of our axiomatized theory, u = g2 

or u = g2. 

T h e fact that in descr ibing the c loud or interact ion 
spread of the physica l particles we use a representat ion 
of physical states in terms of bare ones is of course 
sub jec t to the famil iar ob jec t i on that the creation oper -
ators as wel l as the bare partic le states are on ly f o r m a l 
entities that do not correspond to physica l ly observab le 
quantities. One might be tempted to avoid the bare 
part ic le c oncept at all by compar ing the extended c l o u d 
of an interacting partic le with the po int -c loud def ined 
by the free physical part ic le via a representation of the 
phys ica l state of the f o rmer in terms of the states of 
the latter one. Since, however, the support of the s ingu-
lar free dressed particles obtained in the limit g2 + 0 
co inc ides with the point defined by the bare part i c le 
one is left in the same boat with the previous p r o b l e m . 
A mathematical ly more satisfactory approach might 
perhaps consist in using funct ional concepts . F o r in-
stance, the size of the c loud of a part ic le c l oud be de-
fined by the support of a test funct ion cp ( x ) . T h e n the 
point-l ike c loud will be descr ibed by the l imit cp d 
of the funct ional 

J dzG(z) 9>'(x), 

i . e . , by l im = l im [ G {e • x ) , cp' (x) ] which is 

essentially equivalent to the definition of Z - 1 <5. 

It is clear, that the arguments of section 3.4 con-
cerning the kinematical spread of the free particle 
also apply to the following discussion. It is mainly 
because of this spread that the (relativistic) creation 
operators do not create particles "at a point x", 
but in a domain with "center" at x. 

4.1. Non-relativistic Theory 

Let 0) denote the bare = physical vacuum and 
let j p) be a physical one-particle state (momentum 
p = p) with 

P\P)=P\P), H\p)=E\p) (4.2) 
tainty by an amount Av, with Ap=M Av/(l — v2)1^. 
Hence, the minimal uncertainty is given by Ax=l/M 
since, in virtue of (1 — v2)1'*= [ 1 + (M Al) ~ 2 ] 1 / s , we have 
Ax=[(Al)2+M~2yi* > 1 IM. 



where H = H0 + H' is the total HAMiLTONian and let 
us denote by a + (p ) , b+ (p) , c + (p ) the creation opera-
tors of a bare a-, b-, c-particle of momentum p. 
Then we have for the state of a physical a-particle, 
p, a), the representation 

\p,a)=a+(p) |0) ^ ^ ^ (4.3) 
+ / dp' fu{p,p) b+(p-p ) c+ (p ' )| 0 ) + . . . 

the particular structure of which is given by the 
selection rules, fu being a weight function. Intro-
ducing the states 

| x, a) = (2 n ) - 3 / 2 J dp | p, a) exp( — ipx) 

and the operators (4.4) 
a (x) = (2 n) ~3 / 2 j' dp a+(p) exp ( — ipx) 

etc. we have obviously 

\x,a) =a(x) |0) (4.5) 
+jfu(x-x,x -x") b+(x) c+(x") da;' dx" | 0 ) +... 

where 

fu (x, y = (2 n) ~»'2 f dp' dp" fu (p\ p " ) (4.6) 
• e x p { - i ( p x + p"y)} . 

The physical particle states thus far considered ob-
viously are the unrenormalized states. We now have 
to renormalize (that is to say, to normalize) them. 
From (4.3) the normalization constant ( = wave 
function renormalization) follows as being given by 

l/\\\p,a)\\=Z^(u) =eZuI>2 (4.7) 
= ( l + / d p ' | / M ( p , p ' ) | 2 + . . . ) - 1 / 2 

and thus would seem to depend on p. If Z were in-
dependent of p, the (re-) normalized physical states 
will be defined by 

4+(p) | 0 ) =ZU1J2 | p, a) 
with (0 A+ (p ' ) \A+(p) 0 ) = < 3 ( p - p ' ) , (4.8) 

A+(x) | 0 ) = Zu1/2 | x, a) 
with (0 A+(x')\A+(x) 0) =d(x-x), (4.9) 

where the scalar product of two states is defined 
according to 

(4.10) 

Hence, the renormalized physical creation operator 
is 
A+(x) =Zu1,2a(x) (4.11) 

+ J dx' dx' su (x — x, x — x") b+ (x) c (x") + ... 

where su(x, y) = Zu112 fu(x, y) (4.12) 

is a measure for the cloud structure or charge spread 
of the physical particle. 

Let us now suppose that fu(p,p ) in (4.3) is in-
dependent of p : 

fu(p,p)=fu(p). (4.13) 
Physically this assumption obviously means that 
the (renormalized) masses m a , my, of the a- and b-
particles are much larger than the mass m c of the c-
particle. 

This also is clear since / « (p , p') behaves essen-
tially like 

[ £ a ( p ) - {Eh(p-p) + £ c ( p ' ) } ] ~ 1 ~ 
[ P 2 / 2 m a - (p - p) 2 /2 mb - p '2 /2 m c ] 2 m c /p ' 2 

if ma m c , mb m c . In consequence of this hypo-
thesis, the wave function renormalization Z, Equ. 
(4 ,7 ) , does no loger depend on p. 

From (5.13) it follows that 

fu (x - X, X - x") = (2 n)3 d (x - x) fu (x - x") 
(4.14) 

where 
fu(x) = (2 n) ~3 / 2 / dp / M (p ) e x p ( — i x p ) . (4.15) 

Hence 
A+(x) =Zu1,2a(x) (4.16) 

+ b+ (x) f d x " Zu1/2 fu (x - x") c+ (x") +... . 

The right side without further terms just reveals the 
situation given by the LEE model (a = V, b = N, 
c = & particle). Let us now interprete A+(x) as the 
operator which creates a physical particle whose 
"center is at x " . The cloud's structure and size is 
defined through su Zuv~fu(x). Confining our-
selves to the LEE models by keeping only the first 
two terms on the right side of (4.16) — a discussion 
of more general schemes makes no difficulty — we 
have from (4.8, 9) 

Zu+ f dp' Zu | fu(p) |2 = 1, 

Zu+ f dx Zu \ fu(x)\2 = 1. (4.17) 

By hypothesis (4 .1) we have in virtue of (4 .7 ) , 

lim / d p ' | / u ( p , p ' ) | 2 = o c (4.18) 

and with (4.13) 
lim / dp' | fu(p') |2 = oo, 
nt .A * 

(4 .19) 
u —> 0 

This implies that under rather general assumptions 
a b o u t / ( p ' ) = l i m / M ( p ' ) the function f(x) = l i m / M ( x ) 

«->0 M->0 
will be finite for x 0. This is so, e. g., if 

/ (p') ~ | p' for p —> oo , with v > — 3. 



Since according to (4.1) Z u — 0 for u—>0 it fol-
lows from (4.17) and (4.12) that for su = Zull2fu 

we have 
J dx ! s u ( x ) j 2 = f dx Zu | fu(x) |2 1 for 0. 

(4.20) 
Hence, for [ 5 (x) 2 = lim | su (x) \2 it follows that 

u->- 0 
J dx | s(x) |2 = 1 and |s(x)[2 = 0 for X^O. (4.21) 

Therefore, | s(x)|2 = <5(x). (4.22) 

This proves our statement: The probabilistic cloud 
density | su (x) |2 reduces to a point-like quantity for 
Z M _ 1 —> oo. It is evident that the important point of 
the consideration is the dependence of the cloud's 
size on the magnitude of u. In our case u = g2 is the 
renormalized charge, and the / M (z ) , fu(p) are read-
ily expressed in terms of F(x, g 2 ) , F(p,g2) [cf. 
(4 .45 ) ] . 

If we would not have imposed the condition 
/ ~ \p \v for p —>• oo, v > — 3, we could of course 
have arrived at an / ( x ) having a displaced singu-
larity which would lead to a displaced point-cloud 
with density <5 (x — x—d) rather than d(x — x) 
what would contradict rotational invariance. On the 
other hand, if 

f(p') —> ' p exp ( jd [ p' |) for p—> oo 

we would have a cloud on the surface of a sphere 
of radius d with center at the bare core. A field 
theory giving such a particle would contain "o?" as 
an "elementary length". In addition one probably 
would arrive at instantaneous action at a distance 
and accausality, because of the peculiar structure of 
the cloud. 

4.2. Relativistic Theory 

We present the arguments in a rather schematic 
way for the relativistic case. The essential point to 
consider is now of course the non-equality of physi-
cal and bare vacuum. 

The physical vacuum | 0 ), defined by P^ | 0 ) = 0, 
can formally be expressed in terms of the bare va-
cuum | 0 ) , defined by Po 0 ) = 0 , according to 
(we write ju = t) 
I 0 > = | 0 ' } + / dp dp d p ' 7 ( p , p' p") <5 (p + p' + p " ) 

•a+(p)b+(p')c+(p") | 0 ' > + . . . (4.23) 

where we have excluded interactions with derivative 
coupling. The norm 

( 0 j 0 ) = exp [<5(0) L] (4.24) 

is infinite: L is a divergent integral and (5(0) rep-
resents the infinite space volume. Of course, one can 
formally introduce a normalized physical vacuum, 

|0) = e x p [ - ( 5 ( 0 ) L /2 ] |0 ) (4.25) 

so that (0 | 0 ) = 1. In order to get a reasonable de-
finition of cloud or interaction spread, however, it 
is essential to define the cloud structure in relation 
to the physical vacuum, i. e., in such a way that the 
term exp [ — (5(0) L /2 ] does not enter into its de-
finition. 

To this end, let us introduce the physical particle 
state j p ) , with P u | p ) = p « | p ) , pv2 = rrr, through 
a creation operator A+ (p) such that the state of the 
(relativistic) a-particle is given by 

| p, a) = A+(p) | 0 ) , A(p) | 0 ) = 0 , 
(p, a | p, a) = ( 5 ( p - p ' ) , (4.26) 

[.A(p),A+(p)]±=d(p-p'). 
Similarly for the relativistic b-, c-particles. A, A+ 

may, for instance, be given through the F O U R I E R 

representation of the ingoing fields: 
Ain (xy) = (2 71) s<2 J dp [2 co (p) ] (4.27) 

• [A+ (p) exp ( + i p v Xy) + A (p) exp {-ipv xv) ]. 

Of course, the A used here are of an entirely dif-
ferent nature as compared with the operators used 
in the non-relativistic case. The latter ones only in-
volved creation operators, did not satisfy the com-
mutation relations and described essentially the 
cloud of the physical one-particle state. On the other 
hand, the relativistic operators generally are func-
t ional of bare creation and annihilation operators 
and describe, by iterated application to the vacuum 
state JO), both scattering and one-particle states. 

The essential point is now to define the cloud or 
interaction spread in terms of physically "commen-
surable quantities". To this end we introduce a 
"bare with respect to physical vacuum" state, de-
fined by 

a+(p) |0), a(p) | 0 ) ( + 0) (4.28) 

and express these states in terms of the ^-states 
according to 

a+(p) = ö ( p ) A+(p) + . . . (4.29) 
d being a c-number. We show that if the a+, a are 
the F O U R I E R coefficients of the field A ( X V ) at the 
time t = 0 which give the correct renormalized mass 
m, i. e., 
A (a:) = (2 TI) ~ 3 1 2 F dp[2 W (p) ] - 1 / 2 (4.30) 

• [ a + ( p ) e-tpz + aip) e + i P x ] 



[w(p) =Yp2 + m2], then d (p ) is a constant in-
dependent of p : 

d (p) = constant = d . (4.31) 

It will turn out that 
d = Z 1 / 2 . (4 .32) 

If we would have made the expansion (4.30) in 
terms of a "wrong" mass m by replacing 
w (p) = ] /p2 + m2 by Yp2 + m'2 with m 4= m 

we would have arrived at an a depending on p. For 
the proof we observe that 

CT1 A{p)U= [VwTp )/wJp) ] A (p') (4.33) 
under the L O R E N T Z rotation U =U(L) where p / = 
L pv and U A (xv) U = A ( x v ' ) . Then, with the nota-
tion 

(0 a \ B+ 0) = (0\a B+ \ 0) = (a \ 0), B+ \ 0)), 
we have 
(0 | A (xv) A+{p) 10) (4 .34) 

= (0| A(xS) VwCpTlMp) A+(p') 10). 
With (z, t) = ( x , i ' ) = 0 we obtain from (4.33, 3 4 ) , 
d (p ) = d ( p ' ) , i. e., (4.31, 32 ) . It is readily verified 
that the Z in (4.32) is identical with the one ob-
tained from the propagator G = ( 0 j TA{x) A (x') j 0 ) 
and that 

Z ^ ^ p - p ^ i O a ^ p ' ) | A+(p) 0 ) . (4.35) 

Therefore, Z is not a measure for the probability of 
finding a bare in a physical state but gives a meas-
ure for the probability of finding a "bare wiht res-
pect to the physical vacuum" — state in a physical 
state. 

Let now , f 2 be defined according to 

(0 a+(p) \B+{p')C{p")0) 
- Z ^ M P V M C P - P ' - P " ) , 

( 0 a ( p ) \B+(p') C*(p") 0 ) (4.37) 
= Z1 / 2 / 2 (p', p") d{p + p' + p " ) 

and let us consider, in particular, quantum electro-
dynamics and take a-particle = photon, b = elec-
tron, c = positron (spin and polarization indizes are, 
of course, neglected). The state B+ (p') C+(p") |0) 
in (4.37) represents then an electron-positron scat-
tering state. Let us introduce 

a+(x) = (2JT)~3/2 f dpa+(p) e " ' ? 1 , 

B+ (x) = (2 n) ~3'2 J dp B + (p ) e-tr*, (4.38) 

C{x) = (2 Tl)-3'2 f dpC+(p) e~ipx. 

Then it follows that 
(0a+(x) \B+ (x) C {x") 0) = Z1'2 fx {x -x,x- x") 

(4.39) 
and 
(OflW \B+ (x) C+ {x") 0) = Z1'2 f2 (x -x,x- x") 

(4.40) 
where now of course Z = Z3 and 

/ i , 2 ( z , y) - (2 n) f / 1 ) 2 (p , p) e^^P'y . 

We therefore may interprete Z 3 1 / 2 / 1 and Z3
112 f2 

as being a measure for the "interaction-spread" of 
electron-positron scattering. And indirectly these 
quantities give a measure for the cloud structure. 
Indeed, Z3 1 / 2 jx (x — x\x — x") gives the probability 
amplitude for finding a "bare with respect to physi-
cal vacuum"-photon at the point x in an electron-
positron state with the "centers" of the electron and 
positron being at x and x", respectively. C O M P T O N 

scattering, via ( 0 6 + ] i T / i + 0 ) and Z = Z2 can be 
treated in the same way. 

From 
(0 a\p) \a(p)0)- (0 a{p) | o(p) 0) = d(p' - p) 

(4.41) 

and expanding via a set of physical intermediate 
states it follows that 

Zd(p-p)+Zj dp" \ f 1 (p -p" , p") |2 ö(p'-p) + ... 

-Z f d p " | / 2 ( - p - p " , p")\2d{p' -p) =(5 ( p ' - p ) 

and therefore 
Z fdpdp'\f1(p,p')\2 + ... (4.42 a) 

- Z / d p ' dp | / 2 (p, p') |2 = (2 3 (1 — Z) ^ ( 0 ) . 

Keeping only the first terms one obtains 
Z / dxdy{\jx{x,y)\2 - | f2 (x, y) |2) = (1 - Z) <5 (0) 

(4.42 b) 

and if now Z - 1 — > oo according to (4.1) — we have 
dropped the index u! — then, assuming f x , / 2 to be 
finite for x 0, y =/= 0 as in the non-relativistic case, 
we arrive at the result 

Z\fi \2 = c1d(0)d(x)d(y), 
Z\f2\2 = c2ö(0)ö(x)d(y) (4.43) 

with cx — c2 = 1 cx > 0, c2 > 0 

where (3(0) originates from the normalization (4.41) 
and may of course be eliminated by the use of 
S C H W A R T Z testing functions. The ^ ( X ) d(y) term in 
(4.43) clearly corresponds to a point cloud, or more 



precisely, to the fact that the interaction spread re-
duces to a point as Z _ 1 —> oo. 

It is clear that this approach differs in a very 
fundamental way from the one of the non-relativistic 
case. It is by no means possible to render the ana-
logy closer because the "bare with respect to the 
physical vacuum"-states do not constitue an ortho-
gonal set. Nevertheless, the physical analogy of the 
relativistic case as discussed here with the situation 
encountered with in the discussion of the potential 
in section 3.3 becomes clear if one remembers that 
the spectral function o c which enters the potential is 
just given by the square of a sum over physical in-
termediate states of the type B+C+ 0 ) as given in 
(4 .37) . 

The structure functions 

si = Z3x,2fi, i= 1 , 2 , (4.44) 

are functionals of F(x,g2) or F(p, g 2 ) . While in 
the non-relativistic case, and in particular in the 
LEE model where 

S w (x) = - ( g 0 V / 2 / 4 ^ 2 ) (4.45) 
oo 

• / d k e ~ i k x F ( w + x, g 2 ) / ( 2 w)1/2 (w + x-M) 
— oo 

with u = g2, w= (k2 -f jii2)1/2, we can describe su by 
the functional derivative 6A+(x) /dc+ (x'), no such 
simple characterization is possible in the relativistic 
case. 

It is easy to establish the connexion between our 
functions Sj, s2 and the familiar electromagnetic 
form factors F = (D'-p/Dp) jT= (G/G0) T (resp., 
F — (GJGq) r) when the a-particle is a photon: 
These form factors are given by 22 

< K | / ( 0 ) b b > (4.46) 

= (Pb - P b ) l DV (Pbv — Pbv) V h r { p h v , p ^ v ) V h , 

<o\m\Pcti> (4-47) 

= (Pb + Pc) 1D'F (Pbv + Per) V c r { p ' b v , - PC'V) VB 

where P b , p c are the momenta of ingoing b- and 
c-particles (for example, nucleon and antinucleon 
respectively) and Dp corresponds to G or Gc. 

Defining the current j by 

• (Z3~1,2A) =ej (4.48) 

22 P. F E D E R B U S H , M . L. G O L D B E R G E R , and S . B. T R E I M A N , Phys. 
Rev. 1 1 2 , 6 4 2 [1958] . 

23 There remains, of course, an arbitrary phase exp (i <p ( z ) ) 
if one puts T = y F as in section 2. This phase obviously 

(with e = g) it follows immediately from (4.47) 
that 
lSi(Pb,Pc) + s2(p'b,pc)]/(2ji)*j2 (2 w)1/2 (4.49) 

= e z 3 1 / 2 [v'b + Pc);72 <01 j (0) I PcP^y 

where w = w {pl + p'c') = p'h + p'c' and, therefore, 

(Pb, Pc) + «2 (Pb, Pc) = e Z31/2 (2 JZ) *> 2 (2 w) I' 2 D'F 

•(Pbv + Pcv) vcT (p'bv,~p'c'v) . (4.50) 

5. Conclusion 

In sections 2 and 3 we have shown that the form 
factors F, Fn can be interpreted as contributions to 
the vertex function making use of the fact that ac-
cording to eq. (2.46) the absorptive part g2 Q(m, g2) 
of the self-energy is bounded below by g2 £> | T\y |2. 
Since however the contribution g2 Q\T \2 \G\2 of 
the two-fermion state to the spectral function 

o(m,g2)=g2Q(m,g2)\G\2 

of the boson propagator (2.48) only gives a lower 
bound, this does not mean that F, Fn actually rep-
resent vertex parts except that U in eq. (2.46) is 
zero (as, for example, in the LEE model) 23. That is 
to say, although the Fn always contribute to the 
exact vertex, they can be considered as vertex func-
tions only within a prescribed order of approxima-
tion. The projection of "bare with respect to physi-
cal vacuum"-states onto physical particle states de-
scribed in section 4 confirms the above interpreta-
tion of the form factors from a more general point 
of view: The explicit dependence of the structure 
functions sf = Z c /j2 on F and F (resp., Fn , Fn) and 
the fact that j Sj |2-><3 as Z~x —> oo — what happens 
in our case for g 2 - > 0, where F —> d — imply that 
the form factors actually give a measure for the size 
and cloud-structure (or charge-spread) of the in-
teracting physical particles as compared with the 
point structure of the free uncharged particles24. 
This interpretation is lent additional support by the 
intimate connection of the s; with the familiar elec-
tromagnetic fermion form factors F = (G/G0) T 
[resp. (GJG0) T] given by eq. (4 .47) , i . e . , 
F=(DY/DI?)F in usual notation. Since G/G0-+ 
Z _ 1 = Z 3 _ 1 for p = kv2-+ oo, it is obvious that the 

does not contribute to the spectral function but may be 
used to render F analytic in the cut complex plane. 

24 Those particles, as shown in sections 2 and 3, are never-
theless described by a non-vanishing interaction HAMiLTON-
ian {go ' H i - 0 ) . 



electromagnetic form factors only vanish at infinite 
momentum transfer simultaneously with _T if Z _ 1 

is finite, representing point structures as do the s,-
and F for g2 —> 0. It is clear that the form factors 
S{ and F — and not T — are the physically relevant, 
measurable quantities upon which a theory must be 
based and that these quantities actually describe the 
spread caused by and associated with a non-zero 
charge relative to the point structure associated with 
a zero charge. In this sense our previous statement 
about the role of the bare particles is to be under-
stood: The fact that the cloud of the physical par-
ticle shrinks to the point occupied by the bare quan-
tum as g2 —>- 0 means that the operator of the bare 
quantum only defines the point to which the size 
of the physical particle would reduce if its charge 
would tend to zero. That is to say, at least the co-
ordinate space variable introduced by the bare ope-
rators would remain if one attempts to express a 
physical particle state with g 2 > 0 in terms of physi-
cal states with g2 — 0 , thereby avoiding the explicit 
use of the bare particle concept. One knows that 
owing to the intrinsic kinematical spread due to the 
combination of relativistic and quanta! properties 
the bare operators do not create particles at a point 
in coordinate space. On the other hand, the physical 
meaning of the coordinate space and its relation to 
space-time is not quite clear since the actual descrip-
tion of the physical properties of particles — also 
that of the cloud structure and charge spread!—is 
based on energetical considerations. By starting 
from operators in momentum space we have defined 
the (flat) coordinate space via the usual F O U R I E R 

operator, and thus have arrived at the above picture. 
We cannot be sure a priori whether this F O U R I E R 

operator — and, therefore, the L O R E N T Z group — does 
not merely represent an asymptotic concept valid 
for (and defining) large distances and so might not 
apply to the charge structure functions. 

It is clear that the formalism discussed in the 
preceding sections may also be applied to more com-
plicated systems, as for example to the ghost state 
problem in the nonlinear spinor theory and to four-
fermion interactions. The intimate connection of the 
results so far reported with F E Y N M A N ' S operator and 

proper-time calculus, functional methods and the 
techniques of V O L T E R R A and L A P P O - D A N I L E W S K Y for 
solving equations like that for the 5-matrix without 
having recourse to coupling constant expansions lies 
on hand. The relation of those theories with the 
asymptotic structures encountered in sections 2 and 
3 is easily made explicit by representing the spectral 
function o(m,g2) of the propagator by a S T I E L T J E S 

integral with respect to the coupling, 

a (in, g2) = j> dzr(m,z)/(g2z + 1) 

so that the propagator admits of a double represen-
tation, 

£ ( p ) = C o + f f dmdzrfm, z)/(p-m) ( g 2 z + l ) , 
and applying the classical techniques of generating 
functions, moment problem etc. 25. Such a represen-
tation seems to be essential if one attempts to ac-
count for the fact that one cannot, in general, treat 
problems referring to coupling and interaction 
strenghts in a way completely independent of the 
space-time region in which the interaction takes 
place. 
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Appendix 

1. In order to prove that the propagator GcJl(p) given 
by (2.15) admits of the representation (2.22), let L(p) 
be defined such that 

Ga(p) = [p-M-L(p)]-K 

From (A.l) and (2.15) it follows that 
r 00 

L(p)/(p-M)2 = J dm Ocx (m, g2) j (p — m) 

(A.l) 

( A . 2 ) 

1 + (p —M) f dmocx(m,g2)/(p-m) 

23 W e remark already at this occasion that the divergent con-
tributions to the perturbation theoretical Z-faktor merely 
reflect the fact that by an expansion in powers of g2 one 
actually represents the cloud structure function with ex-
tended carrier in terms of series of derivatives of delta-
funktions with point-like carrier at the origin. Such an ex-

pansion of nonlocal quantities like the charge spread in 
terms of local ones generally gives rise to asymptotic ex-
pansions in momentum space. Cf., W. GÜTTINGER, Singular 
Operations in Theoretical Physics, Sao Paulo 1957; Nuovo 
Cim. 10, 1 [1958] ; Nucl. Phys. 9, 429 [1959] . 



If the denominator of the r.h.s of (A.2) does not vanish, 
it follows by applying C A U C H Y ' S theorem — with the path 
of integration taken along both sides of the cut and 
closing by an infinite circle — that L can be represented 
by 

oo 
L (p) = (p - M)2 / dm D (m, g2) / (p - m) (A.3) 

a 

where D is the discontinuity of the r.h.s. of (A.2) across 
the cut, i. e., 

D (m, g2) = g2 ei (m) Fx2 (m, g2 ) . (A.4) 

To complete the proof it remains to be shown that the 
denominator of the r.h.s. of (A.2) never vanishes. Since 
the absorptive part of Kx(p) is positive, Qx(m) > 0 for 
TO > a, it follows that 

oo 
(p - M) f dm OcX (m, g2) / (p - m) 

a 

is real and negative only for p in the interval 
M < p < a . As to the more general case that Qx (m) 
vanishes on the cut, cf. Appendix 3. A possible zero of 
the denominator of the r.h.s. of (A.2) must therefore 
lie in the interval M < p < a. Since the denominator 
in question is equal to (p — M) Gcx(p), such a zero 
corresponds to one of the propagator Gcx(p)-

According to (2.18), we have 

Gcx(p)=G0/\l-(p-M) ( A 5 ) 

oo 
• / dm g2 Qx(m)/[(p-m) (m-M)2] 
a 

— Nx (g2) 6 » ( g 2 - g c 2 ) / ( p - p ; . ) 

where Nx (g2) < 0 and 
M <C p < a we have 

• oo < px < M. Since, for 

(p — M) J dm g2 Qx( m) / [ (p —m) ( m - M ) 2 ] < 0 , 
a 

p — px~> 0, it follows that Gcx(p) is the sum of two 
positive terms and can never vanish, q.e.d. 

2. By requiring Gx(p) to satisfy the relation (2.10) 
also for g2 = gc2, the cutoff functions (A, A) which 
render charge renormalization finite (i. e., give g c2 > 0) 
will turn out to be not powerful enough to render also 
boson mass renormalization finite. Indeed, from (2.11) 
it follows that (2.9) reads, for g2 = gc2, 

r 0 0 

= - G0 / [ gc2 / dm Qx (m) / [ (p - m) (m - M) ] 

(A.6) 
whence 

iPl-
lim Gx(p; gc2) = (gc 2 f dmQx(m)/(M-m) 

(A.7) 

then Gx would not decrease at infinite momentum and 
Eq. (2.10) must be corrected (for g2 = gc2) by adding 
to its right hand side a term const, dg%, . If, however, 

then (2.10) also holds for g2 = gc2. Y is essen-
tially the boson mass renormalization, Y = dM/g02 (g2), 
in the approximation considered. Of course, the same 
argument applies to the exact theory; that is to say if 
Z = 0 for some (or all) values of g2 then 6M/g02(g2) 
must be infinite [note that in the axiomatic theory 

oo 
6M = Z f d TO a (TO , g 2 ) ( M - T O ) 

a 
oo 

= g02(g2) / dTO^(TO,g2)/(M-TO)]. 
a 

For fermions, mass renormalization may, however, re-
main finite. 

In what follows we consider only cutoff func-
tions that keep ÖM infinite ("minimal cutoffs", e. g., 
A — m~£ with 0 < £ < 1 for TO->°°). In order to 
discuss the function g02 (g2) — both for A > 0 and 
A-^-0 — we observe that according to (2.27) Z ^ 1 is 
finite for g2 < gc2 and Z^1 oo for g2 gc2 — 0. We 
show that in the axiomatized cutoff theory also 
Z~ j l 1 ^oo for g 2 - > g c 2 + 0. Equation (2.16) for px 
can be written in the form 

oo 
(s2 - gc2) Ig2 gc2 = - / dm Qx (TO) / [ (PX -m) (m-M)]. 

(A.8) 
Since px oo as gc2, it follows from (A.8) in 

If Y = f dmox(m)/(M-m) < oo , 

virtue of the supposed minimal cutoff that 
lim p i ( g 2 ) ( g c 2 - g 2 ) = ^ - (A.9) 

<7!-*<7C8 + 0 

From this it follows that ->• oo f0r g2 g c2 + 0. In 
fact, suppose Z^x would remain finite in this limit. 
Then, from (2.27) we would have 

-Nx(g2)+g2!(gc2-g2)=X(g2), 

where X(g c 2 ) is a finite number. This would imply that 

d log (M - px) /dg2 = (gc2 -g2)-'-X(g2) /g2 

and therefore 
9] 

px — M = const, exp f d t/(g2-t)~ J d tX(t )/t 
L'ö b 

(A.10) 
for 0 gc2 b, from which would follow that 

px = M + R (g2) / (gc2 — g2) with R(gc2) 

being finite. This would contradict our assertion (A.9), 
q.e.d. 

The above result, together with the evident relation 
0 < Z c < 1, leads directly to the representation of the 
function g02(g2) as given in Fig. l a for a minimal 
cutoff with ?, > 0. Passing to the limit X - > 0 gives Fig. 
1 b. The result g02(0) (and finite) is due to 
the fact that the original non-axiomatized theory ex-
hibits logarithmic divergences (for details, cf. II). 
Comparision of Figs. 1 a and 1 b shows that the mini-



mum of g0 2(g2) , i-e-> g'ox, in die second branch 
(g2 > gc2) tends to g0 '2 as X 0 in which limit the 
entire part of Fig. 1 a situated to the left of the mini-
mum degenerates into the straight line ( g 0 2 > 0 , g2 = 0). 

3. The difficulties one would encounter by using an 
arbitrary auxiliary cutoff may easily be inferred by 
considering a cutoff of the type ^l2(m, A) = 0(X~1 — m) 
where 1 /A > a [with @ ( x ) = l or = 0 for x > 0 or 
x <C 0, respectively]. In this case, Gx (p) will have an 
additional pole for some p > l/A if g2 lies in the inter-
val g2 g2 < gc2 where g2 is given by Eq. (A.14) 
below. Let Gx(p) be given by (2.9) and consider the 
first-order renormalized self-energy JFn(p)/G0 in the 
cutoff theory with 

Wn (p) = (p - M) J d m Qk (m) / [ (p - m) (m - M)2] , 
0 (A.11) 

so that Gx = Gj(I — W\x). Wu(p) is analytic in the cut 
p-plane and is real and monotonuous for — o o < p < a 
with 

oo 
Wn ->g2fdmgx(m)/(m-M)2 = g2/gc2 

a 
for p—> — oo. Suppose that g2 < ! gc2. Since JFu <C 1 
for — oo < p < M, Gx has no ghost poles nor are there 
poles for M <C p <C a where W\x <C 0. On the cut, i. e., 
for a < p oo, we have in the limit E 0, 
Wu(p±i£) = (p-M)pv (A.12) 

oo 
• / d m g2 Qx(rn)/[(p-m) (m-M)2] 

a 
+ ing2 Qx(p)/(p-M) 

and if Qx(m) does not vanish for a m <C °o, the 
equation Wu (p) = 1 has no solution for a < p <C oo , 
Gx (p) having therefore no additional poles. If, however, 

Qx has zeros then the additional poles will appear. In 
particular, with the above cutoff, 

Qx{m)=e{m) &(X~x-m) 

vanishes for m > 1/L Then, for p > l / k the equation 
Wu (p) = 1 can be written as 

g~2-gC-2= j d m g ( m ) / [ ( p - m ) ( m - M ) ] (A.13) 
a 

and since Q{m) > 0 the r.h.s. of (A.13) is non-negative 
and decreases from its value at p = l/X to zero as p 
goes from l/X to infinite. Hence, in virtue of g2 gc2, 
the equ. (A.13) and therefore the equation Wu(p) = 1 
will always have a solution for all g2 in the interval 
g2 < g2 <C gc2 where g2 is given by 

Hi 
g2= gc~2+ fdm6(m)/[(X-i-m)(m-Mn 

(A.14) 
Consequently, Gx(p) has an additional pole on the cut 
side. The similar situation could arise from an auxiliary 
cutoff which makes Qx and, therefore, ocx to vanish at 
only a discrete set of points what eventually could in-
troduce zeros of Gcx on the cut, thereby invalidating 
the arguments of Appendix 1. Since, however, neither 
the absorptive part Q(m) of the self-energy of the origi-
nal local theory nor the spectral function o c of the 
axiomatized propagator contains zeros, there is no 
reason for making the situation more complicated by 
using an auxiliary cutoff —which in addition is only of 
transitory nature — that gives rise to such additional 
zeros. Those auxiliary cutoffs will therefore be ex-
cluded from our considerations. Obviously, the zeros of 
the propagators that could appear on the cut are the 
familiar CDD-zeros 26. 
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